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Studies of Classical Radiation Emission
from Plasma Wave Undulators

R. L. Williams, Associate Member, IEEE, C. E. Clayton, Senior Member,
IEEE, C. Joshi, Fellow, IEEE, and T. C. Katsouleas, Senior Member, IEEE

Abstract— We examine the characteristics of the classical ra-
diation emitted by a relativistic electron beam that propagates
perpendicularly through a large amplitude relativistic plasma
wave. Such a study is useful for evaluating the feasibility of
using relativistic plasma waves as extremely short wavelength
undulators for generating short wavelength radiation. The elec-
tron trajectories in a plasma wave undulator are obtained using
perturbation techniques and are then compared to numerical sim-
ulation results. The frequency spectrum and angular distribution
of the spontaneous radiation emitted by a single electron and the
stimulated radiation gain are obtained analytically, and are then
compared to 3-D numerical simulations. The characteristics of the
plasma wave undulator are compared to the ac FEL undulator
and the conventional FEL.

I. INTRODUCTION

HERE is a significant ongoing research effort focused

on producing short wavelength coherent radiation having
wavelengths down to the X-ray regime using relativistic elec-
tron beams that oscillate in undulator fields. Many examples
are found in the fields of free electron lasers and synchrotron
radiation sources [1], [2]. It is well known that the radiated
wavelength A, can be reduced by decreasing the undulator
(wiggler) wavelength A, or by increasing the electron energy
4 in accordance with the resonance relation

Aw
»,‘0(2’77.
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The generation of coherent radiation in the X-ray regime
using undulators was accomplished long ago by using large -y
electron beams, but this was done at very large and expensive
accelerator facilities. It should be possible to reach the X-ray
regime using less expensive and more compact low +y electron
beam facilities by decreasing A,,. In the original undulator
and synchrotron radiation schemes, and in most configurations
since then, magnetic field undulators were used [3]-[5]. In
magnetic field undulators, the minimum A, obtained currently
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is in the range of 0.1-1.0 cm, and is limited by the practical
difficulty of placing very strong and very small permanent
magnets or electromagnets close together in an alternating
array. Among alternative approaches to decreasing A, is the
replacement of the magnetic undulator with an electromagnetic
wave undulator or with a crystal structure undulator, and much
research is underway in these directions (for example, see
[61-11)).

A different approach that has been suggested for decreasing
Aw is to replace the magnetic undulator with an electrostatic
plasma wave undulator [12]-[14]. This potentially inexpen-
sive and compact configuration is based on using a short
wavelength, large amplitude relativistic plasma wave as the
undulator, through which is injected a modest energy but rela-
tivistic electron beam. In this scheme, the electrons propagate
either parallel to [12]-{14] or perpendicular to [14], [15] the
wavefronts of the plasma wave, and emit radiation as they
oscillate in the wave’s alternating electrostatic field. Such large
amplitude relativistic plasma waves can be excited readily by
laser pulses or intense electron bunches, and are being studied
theoretically, computationally, and experimentally by many
researchers around the world [16].

In this paper we consider the configuration in which the
electron beam is injected across the plasma wave parallel to
the wavefronts. Fig. 1 shows schematically the relationships
among the propagation directions of the excitation lasers,
plasma wave, electron beam, and radiation in this undulator
scheme. In this particular configuration, the plasma wave is
shown as if it were excited by laser beams as in the beatwave
excitation scheme, however, it also could have been excited by
a short laser pulse (laser wakefield scheme) or by a short pulse
of relativistic electrons (plasma wakefield scheme) propagating
through a plasma. The wiggling of an electron as it moves
across a plasma wave undulator is described qualitatively by
referring to Fig. 2, in which the potential contours of the
plasma wave are shown to be very wide so that only the
longitudinal electrostatic fields affect the electron motion. In
the figure, the plasma wave moves to the right at a phase
velocity which is nearly equal to the speed of light, while the
electron moves downward also at nearly the speed of light.
In Fig. 2(a), the longitudinal field deflects the electron to the
left toward the potential minimum. In the time taken for the
plasma wave to move to the right by one-half wavelength,
the electron also moves across the wave vertically down a
distance of one-half wavelength. This is because both wave
and electron move at approximately the same speed. Therefore,
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Fig. 1. Plasma wave undulator geometry, showing propagation directions of
the excitation lasers, electron beam, plasma wave, and radiation.
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Fig. 2. Idealization of a relativistic electron’s undulating trajectory in the

potential contours of a relativistic plasma wave undulator.

the undulator wavelength A, is effectively equal to the plasma
wave’s wavelength X,. At its new location [Fig. 2(b)], the
electron is again deflected toward the potential minimum that
is now to the right. This alternating or undulating motion
continues as the electron passes across the plasma wave [Fig.
2(c)).

Typical physical parameters for a plasma wave undulator
are: undulator wavelength, A,, = 100 gm; undulator strength,
Gy > 0.01; number of undulations or wiggles, N,, ~ 100; and
length of undulator, L., ~ 1.0 cm. These are typical laboratory
parameters for a wide beatwave excited relativistic plasma
wave. An electron beam of 20 MeV (y = 41) would emit
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30 nm radiation in the above plasma undulator. The resonance
relation (1) is used to estimate the radiation wavelength. A
single 33 ps micropulse of electrons (typical of a linac output)
that passes across a 1.0-cm-wide plasma undulator would emit
a radiation pulse approximately 33 ps in duration.

The maximum electrostatic fields in a relativistic plasma
wave can be very large, equivalent in undulator strength to
magnetic fields on the order of 1.0 MG for the case of 100
pm plasma waves. To show this we first note that a,, for the
plasma undulator can be derived from Gauss’ law and is

ek, E, _m @

w = =
Mocwp  Emax Mo

where FE, is the amplitude of the plasma wave electrostatic
field, Emmax is the maximum amplitude of an electrostatic field
in a plasma for a given plasma density (or plasma frequency),
wy is the plasma frequency, \/4mnqe?/m,, e is the electron
charge, m, is the electron rest mass, c is the speed of light,
n, is the background plasma density, and n; is the perturbed
plasma density. The maximum effective magnetic field Beg.
of a plasma undulator can be estimated using

2 1 4
By = Mo, S (Ocm) = 3% 1073y/no(cm=3) (3)

elp

of Beg. = 9.5 x 10° G for a, = 1.0,A, = 100pum,
and n, ~ 107 cm™3. For comparison, in typical permanent
magnet undulators the magnetic field is on the order of tens
of kG and less.

As stated earlier, the relativistic plasma waves may be pro-
duced by laser beatwave excitation, laser wakefield excitation,
or plasma wakefield excitation. Some typical plasma wave
undulator wavelengths that can be obtained using laser plasma
beatwave excitation are as follows. Using laser wavelengths of
9.6 and 10.6 pum gives A, &~ 97 ym; using 9.6 and 10.3 xm
laser wavelengths gives A,, &~ 136 um; using 10.3 and 10.6
pum laser wavelengths gives A, ~ 344 pgm; and using 1.05
and 1.06 um laser wavelengths gives A, = 102 ym.

In recent years, some of the problems associated with real-
izing a plasma undulator have been investigated theoretically
and computationally. Potential problems related to the facts
that the electron beam can excite instabilities and wakes in the
plasma have been investigated in [12]. A limit on maximum
electron beam density is imposed by the beam loading limit
as discussed in [17]. Transverse electrostatic plasma wave
fields should not be a problem as long as the plasma wave
is much greater than a few (~5) plasma wave wavelengths
wide [18]. Our simulation results [18] showed that electron
beam quality is very important, and that the beam emittance
should be less than one mm-mrad for the example parameters
discussed in this paper. Methods for plasma wave excitation,
calculations on the limitations of FEL action due to beam
plasma interactions, and the parameters for radiation gain
have been reported [12]. Some of the problems associated
with building a uniform high density plasma source suitable
for plasma wave undulators have been reported [19]. The
problems of electron beam deflection due to the longitudinal
and radial electrostatic fields in the plasma wave undulator, the
effect of beam emittance, and the use of the deflected beam
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as a diagnostic of the plasma wave’s electric field have also
been studied through numerical calculations [18].

Several plasma-based undulators other than the scheme
discussed here have also been investigated in recent years. A
plasma wave undulator in which an electron beam is injected
antiparallel to the wave, and in which the transverse plasma
wave fields wiggle the electrons, was analyzed by Joshi et
al. [12] and Fedele et al. [15]. Fedele presented a fluid
theory, discussed intrinsic efficiency, emittance, self-pinching,
and alternate configurations. A plasma wave undulator in
which a relativistic electron beam excites the wave in a
cylindrical plasma column has been investigated theoretically
by Lalita et al. {20]. Latila presented an instability analysis and
discussed radiation guiding. A magnetostatic plasma undulator
scheme that does not involve plasma waves, but makes use
of stationary rows of laser produced plasma spots (effective
Aw = 100 pm) that are formed on a flat solid target has been
reported, along with reports of measurements of megaGauss
fields [21], [22]. Another undulator scheme has been suggested
by Yan and Dawson, called the “ac Free-Electron Laser,” in
which an electron beam propagates through a “temporally
oscillating but spatially uniform transverse electric or magnetic
structure” [13]. Yan and Dawson obtained the radiation disper-
sion relation, expressions for the growth rate and efficiency,
and discussed design criteria for an experiment. One of their
configurations was to propagate an electron beam parallel
to the wavefronts of a plasma wave, which was the first
suggestion of the plasma wave undulator upon which this
article is based. We note that in order to have a significant
electric field, the plasma wave must have a phase velocity close
to that of light. In such a plasma wave, the particle trajectories
will be somewhat different than in the purely oscillating (ac)
case. In this paper, a single electron analysis of the ac FEL
undulator will be presented concurrently with the analysis of
the plasma wave undulator. Finally, we note that a fluid theory
analysis of the ac FEL has also been reported [23], and further
work on enhancing the output power of an ac Raman FEL has
been reported [24].

In the next section we describe the plasma wave equations
and simulation model. Then we obtain expressions for the
electron trajectories, spontaneous radiation, and stimulated
radiation gain and compare these to simulation results. Many
of the techniques followed herein for analyzing the plasma
wave undulator, and much of the notation, are based on the
free electron laser theory developed for magnetic undulators
by Colson [25], [26].

II. THE PLASMA WAVE EQUATIONS
AND THE SIMULATION MODEL

The relativistic electrostatic plasma wave is assumed to
be infinite in length, finite in width, and moving in the +y
direction in this model. The relativistic electrons are injected in
the 4z direction perpendicularly through the plasma wave as
shown in Fig. 1. The equation for the longitudinal electrostatic
plasma wave field used in the simulations for the beat wave
excited plasma wave is [27]

Ey(-’E, Y, Z,t) = 4 we(—2T2/R2)
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where 12 = 22 + 22, 0y = (€Eem /2MowemC)?, Eor, is the

amplitude of the laser pump field and we,;, is the laser pump
frequency. The transverse electrostatic fields given in [15] and
[28] were also used in the simulation. The electron beam model
assumes point charges which interact with the electrostatic
fields of the plasma wave, but which do not interact with
each other through space charge forces. Radiation damping
is considered negligible.

III. ELECTRON TRAJECTORIES

Electron trajectories in the plasma wave undulator can be
calculated analytically and numerically. Approximate equa-
tions for the trajectories are obtained by substituting a simpli-
fied expression for the plasma wave field into the relativistic
equation of motion and solving it by perturbation. The lowest
order approximation of the electron trajectory in the plasma
wave undulator is also the approximate electron trajectory
in an ac FEL undulator; to next higher order, additional
harmonics develop due to the nonzero k of the plasma wave
as well as the harmonic content of a nonlinear plasma wave.
The ac FEL undulator is spatially uniform, has plasma wave
wavenumber k, = 0, and oscillates at frequency wy.

The plasma wave field (4) was simplified by assuming that
the laser pump field or electron quiver velocity is small (ctem
is small) and that the plasma wave is wide (R is large). Then
the predominant plasma wave field component acting on the
electron in the laboratory frame is
QMo CWy

E,= cos (kpy — wpt) = E, cos (kpy — wpt). (5)

The trajectory is found by solving the equation of motion

p-19)

2
where £ = E, and the velocity is expanded in terms of the
small parameter €

du(t) e

= 6
dt Mg ©

V=T, + €01 + €Ty + -+ . %)

First, (5) is approximated by E, = FE,coswpyt, and the
equation of motion is solved to obtain the following electron
trajectory:

o alv, .
(1 — coswpt)y + —5—sin 2wyt +---.
4yZwy

®)
Note that the first term is the zeroth-order drift, the second
term is the first-order transverse oscillation at frequency wy,
and the third term is a second-order longitudinal oscillation
at 2w, (the second harmonic term). The velocity 8 is found
by differentiating 7(¢) and dividing by c. Equation (8) is the
approximate equation for the electron trajectory in an ac FEL
undulator.

wC

a
T(t) = vt +
() Yoy
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Fig. 3. Analytically calculated electron trajectory in a plasma wave undu-
lator. The radial displacement is normalized to the length of the wiggler,
NyAp, and 7 = t(Boc/Nuwlp).

Next, in order to obtain the approximate electron trajectory
in a plasma wave undulator (k, # 0), the y component of (8)
is substituted into (5) to obtain

kpayc

E, = E,cos ( oy ®

(1 — coswyt) — wpt).
The trig terms are expanded as a series in .J,(v), keeping
only the lowest order terms, where J,, is the nth-order Bessel
function of the first kind. Equation (9) is then substituted into
the equation of motion which is again solved by perturbation.
The resulting approximate equation for the electron trajectory
in a plasma wave undulator is

. ayedy(V)

F(t) = votZ + (cos v + wptsinw — cos (v — wpt))g

(10)
where v = kpa.,c/Y,wp. In this approximation, the plasma
wave field was assumed to be linear and thus was not ex-
panded in terms of its harmonics. Using fields expanded in
higher harmonics would produce additional terms in the above
expressions at the respective harmonics [29]. The expressions
for the trajectory and velocity obtained in this section will be
used in the next section to calculate the radiation analytically.

The electron trajectory in a plasma wave undulator (10)
is plotted in Fig. 3. Electrons enter the undulator at 7 = 0
and exit at 7 = 1. However, in order to spatially resolve the
electron undulations, only the first 30% of the undulator is
plotted. The undulating electrons drift in the direction that the
plasma wave moves and the amount of drift increases with a,,
and decreases with y,. The analytic trajectory of an electron
through the ac FEL looks similar to Fig. 3 except that there
is no transverse drift.

In the numerical treatment, the original unsimplified expres-
sions for the plasma wave fields were used, and the equation
of motion was numerically integrated to obtain the electron lab
frame trajectory. The 2-D lab frame trajectory calculated by
simulation is shown in Fig. 4(b), which also shows a drift in the
direction of the plasma wave motion, in qualitative agreement
with the analytic result (Fig. 3). The Gaussian profile of the
plasma wave field used in the simulation causes the drift to be

YoWp
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Fig. 4. (a) The longitudinal electric field seen by the electron as it traverses
the plasma wave, and (b) the electron trajectory through the plasma wave;
obtained by numerical simulation. The plasma wave moves upward and the
electron moves to the right. Emittance = 0, 7o = 4, aw = 1%, and 7yp = 9.7.

more gradual at the edges of the plasma wave. The simulation
also shows that there is a deflection of the electron from its
initial direction of motion that results as the electron exits the
plasma wave [28].

In the 2-D numerical solution, a single electron is injected
into the plasma wave from a position far from the centerline
of the wave (» ~ —3R, where R is the Gaussian width of
the plasma wave). The electron’s position (z, v, z), normalized
velocity (8z, By, 3.), and normalized acceleration (3, By, Bz)
are calculated along the trajectory until the electron reaches the
opposite side of the wave (2 = +3R). The electron is injected
at time equal to zero and with phase equal to zero with respect
to the plasma wave (i.e., y(0) = 0). The trajectory of the
electron and the electrostatic field it sees are shown in Fig. 4.

In the 3-D simulation, a micropulse of thousands of elec-
trons is injected into the plasma wave so that the front of
the micropulse starts at 2 ~ —3R. The spatial distribution of
electrons in the micropulse is determined by a uniform random
number generator for the direction of beam propagation z, and
is determined by a Gaussian random number generator for
the perpendicular directions = and y. The electron micropulse
has a Gaussian halfwidth of 5), in the x and y directions.
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Each electron’s position, velocity, and acceleration are calcu-
lated along the trajectory until the rear of the bunch reaches
the opposite side of the wave (z ~ +3R). Electron beam
emiftance can be included and is used to determine an initial
perpendicular deflection for each electron using a Gaussian
random number generator as described in [28].

IV. SPONTANEOUS RADIATION

The approximate equations for the frequency spectrum and
angular distribution of radiation emitted by an electron in a
plasma wave undulator are found by substituting the equations
for 7 and 3 into the well-known expression for the intensity
I of the radiation emitted per unit solid angle dQ and unit
frequency interval dw, [30]

d*I
dQ dw,

e2 2 +oo 2

Wy
clJ-

= 12

x (A x B(t))eir (t=27(0)/e) gy
(11)

where 72 = sin 8 cos ¢ + sin 6 sin ¢§ + cos 62, and 8, ¢, and
n are defined in Fig. 1. We integrate analytically over the
finite interval [t| < Nym/Bow, because the radiation emitted
during the time the electron is outside the undulator is zero.
The radiation of harmonic number f; (i = 1,2,3,---) from an
electron in the plasma wave undulator is then

oo

2 sm( (1-B,cos8)+A— fz)N:r
s Ane (21— Bocost) + A~ fi)w,

a1
dQdw,
fi

X (1 — fB,cos 8
+(1 — sin? 0) sin? ¢QQ*

where

i

2 .
) x (sin? 0PP*+-72- sin 20 sin ¢(P*Q — PQ*)
(12

272
P =2B,(4. + Bjf) + %ﬂ—"
cos2a(AF + B, + B}

—2)

(13)
Q = aA] + aJ2(a)cos o(B,,, - B,_,) (14)
m=+oo
A, = Jo(a) Z JM(K)é(Zm,f) (15)
m‘+oo
Jo(@) D Ju(K)B@mn,s) £bamnp)  (16)
m=--o0
n=+o0 m=-+oo
Yo ) Y Tn(®)Emins) £ emonp)
n=1 m=—o0
¢¥))
_ kpayc a8)
YoWp
2 72
M—r- cos 2¢:sin §sin ¢ (19)
Wp
A= o (@) fowr cos o sin @ sin ¢ (20)
Wp
A= Msinasin@sin¢ (21

Wp
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J V=1, * signifies complex conjugate, and & is the
Kronecker delta. Here we have neglected the harmonic content
of the plasma wave undulator itself. The radiation of harmonic
number f; emitted by an electron in the ac FEL undulator can

be obtained also and it is

&1 e [sin (21— f,cos0) - £;) Xz
dQdw, 1. 4n2c (g—:(l—ﬂocose)—-fi)wp
fi 2 ppeld , e Do
<l—ﬁocos0 X (sin® § PP +2sm 20sin¢(P*Q — PQ*)
+(1 — sin? ) sin® pQQ*) (22)
where
ol ﬂ
=20B,(Ao + BY) + —22(AF + B}, + B_,) (23)
Q = aw(A7 + By — B;—1) (24)
m=+00
Ao = Jo(A) Z T (1)8(~2m, 1) @5)
m=+o0
=Jo(A) Y Tn(8)(S(-2mtn.p) £ S(2mnp)  (26)
m=—0o0
n=+oc m=-+4o0
D> ) Y Tn(8)(B-2mtn.p) £ 8(-2m—n.p)
n=1 m=—o0
@7
A= BB o sing (28)
Wp
2
K= @ otor cosf 29
Wp
kp=0 A=0. (30)

The single electron radiation intensity as a function of ob-
servation angle # and frequency ratio w,/wp up to the third
harmonic component is shown in Fig. S for the plasma wave
undulator and, for comparison, in Fig. 7 for the ac FEL
undulator. The angle is plotted in the range |8] < 1/, the
harmonics correspond to the fundamental or first harmonic
f1 = 2+2, second harmonic, fo = 4%, and third harmonic
f3 = 6+%; and also ¢ = /2. The radiation intensity is plotted
in units of (e?/4n2c). The figures show that the radiation is
centered about § = 0 in the ac FEL undulator but it is skewed
in the 6 direction in the plasma wave undulator. This is due to
the drift of the electrons in the direction of the phase velocity
of the plasma wave. There is also a reduction in the magnitude
of the radiation as the harmonic number increases for both un-
dulators. Expressions similar to (12) were obtained by Colson
for the linearly polarized and circularly polarized magnetic
undulators [25], [31]. These different undulator configurations
have very similar radiation characteristics due to the similarity
of their line shape functions. They are all characterized by
regularly spaced radiation peaks, which decrease in frequency
and amplitude as the angle of observation varies away from
the forward direction, § = 0. The skewing of the plasma
undulator’s radiation is due to the A term in the line shape
function which depends on k,, through the o term. By rotating
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Fig. 5. Spontaneous radiation intensity emitted in the plasma wave undulator
versus frequency and angle for the (a) fundamental, (b) second harmonic,
and (c) third harmonic. 7o = 4,a, = 0.1,(=1/y < 8 < 1/v),
(7% < wrfwp < 672), and ¢ = =/2.

the dI%2/dQ2 dw, figures, one obtains the angular distribution
dI/dQ, or the frequency spectrum dI/dw,, which are shown
in Figs. 6 and 8 for the fundamental harmonic of the plasma
wave undulator and ac FEL, respectively. Fig. 7 shows that
the ac FEL radiates the fundamental and third harmonics on
axis (f = 0), but the second harmonic is radiated off axis.
In general, the odd harmonics are radiated on axis and the
even harmonics are radiated off axis for ac FEL as well as the
linear magnetic undulator. The circularly polarized undulator
radiates only the fundamental on axis and all higher harmonics
are radiated off axis [25], [32].

In the simulation, the radiation intensity for the plasma wave

undulator can be obtained by substituting 7,3, and 3 for each
electron trajectory point into the well-known expression for
the radiation emitted per solid angle and frequency interval
given by [30]

a1 _
dQdw,
+00 ~ a =
2 X - B(t t 2
€ ] " [ A — B )) 25 )] i (b= (8)/<) gy
4r2c . (1 —B(t) -

(€)Y

To obtain dI/dw,, we numerically integrated (31) over the
trajectory, squared it, and integrated over the solid angle

161

1x108
8x107
P
£ 1
§ 5x107
£
axio” lh
0x10°
16 Frequency, or/op  *°
1x108
8x10”
l| 2
|, B
5x10 2
£
- - 3x107
= ox10°

0% Angle (radians) 02

Fig. 6. Spontaneous radiation intensity spectrum and angular distribution in
the plasma wave undulator for the fundamental frequency (same conditions
as in Fig. 5).

(with ¢ = 7/2). The single electron dI/dw, is shown in
Fig. 9 for the fundamental frequency and zero beam emittance
case, which qualitatively compares well to the approximate
theoretical result for dI/dw, shown in Fig. 6(a). It was found
in the simulations that as the number of electrons increased
by N, the radiation in the peak at § = O increased as
N2, It was also found that as the emittance was increased
to values above 1 mm-mrad, the radiation peak at § = 0
decreased in magnitude, and the discrete spectral pattern
became indistinguishable. This is in agreement with the beam
spreading results discussed in [18].

The narrow spikes in the frequency spectrum, found ana-
lytically and by simulation, can be explained in analogy to
a linear array of antennas phased so that the radiation peaks
along the array axis, also called the end-fire array [33]. The
electrons along the undulator radiate like antennas in line, and
the radiation adds in phase along the direction of propagation.
Since the length of the undulator is long compared to the
radiated wavelength, the summed radiation changes rapidly as
the angle of observation is changed from the forward direction.
The angular width between peaks was found to be proportional
to 1/7vNy.

The peak of the frequency spectrum (6 = 0 value of
the fundamental) changes in accordance with the resonance
relation

Wy = 2"/ﬁ“’p = 2’72“)12/(1 +a2) (32)

as v and a,, are varied. The peaks of the frequency spectra
obtained from several simulations are plotted along with the
theoretical resonance relation in Figs. 10(a) and (b) versus 7y
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Fig. 7. Spontaneous radiation intensity emitted in the ac FEL versus fre-
quency and angle for the (a) fundamental, (b) second harmonic, and (c) third
harmonic. v, = 4,aw = 0.1,(=1/7 < 8 < 1/7),(7? < wyfwp < 642),
and ¢ = 7/2.

and a,, respectively. In these figures, the solid line gives the
theoretical values. The measured frequency values are given
by X’s when the absolute peak of the spectrum was used, and
by o’s when the frequency was measured at half way up the
high-frequency slope of the spectral peak. The deviation of
the x’s in Fig. 10(a) is due to the widening of the spectral
peaks at ~ increases.

V. STIMULATED RADIATION, RADIATION
GAIN, AND ELECTRON BUNCHING

Approximate equations for the radiation gain are obtained
by summing the fields of an injected plane electromagnetic
(EM) wave with the plasma wave field, solving the electron
equation of motion by perturbation to obtain its velocity,
relating the average energy change of the electron to its
average change in velocity along the undulator, and relating
the change in radiation energy to the electron average energy
change.

The radiation and plasma wave electric fields are oriented
along the same direction so that the total fields are

E = (E, cos (kpy — wyt) + Ey cos (k2 — wet + ¢,))§
(33)

B = E, cos (ky2 — wyt + ¢,)& 34
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Fig. 8. Spontaneous radiation intensity spectrum and angular distribution in
the ac FEL for the fundamental frequency (same conditions as in Fig. 7).
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Fig. 9. Spontaneous radiation spectrum obtained by numerical simulation
for the plasma wave undulator. v, = 4, @y = 1%, and ¢ = /2.

where the EM radiation has electric field strength E.., fre-
quency w,, wave vector k., phase ¢,., and magnetic field
B, = E.. In this low gain approximation, E, is approximately
constant. The frequency of the injected EM radiation field is
related to the frequency of the plasma wave undulator by the
resonance condition (32). An electron that is injected with
energy -y is at resonance with the radiation and does not lose
or gain energy. To get radiation gain, the electrons are injected
with energy slightly greater than the resonance energy, and
the decrease of the average electron beam energy as it travels
down the undulator results in a gain of radiation energy.
Following Colson [25], we solve the equation of motion,
(6) by separating it into transverse and longitudinal compo-
nents and solving for the perpendicular and parallel velocity
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Fig. 10. Comparison of theoretical resonance condition with simulation
results for the plasma wave undulator versus (a) v, and (b) @ .

components, d3, /dt and df) /dt, which are functions of the
longitudinal position z. The position, or phase, of the electron
within a radiation wavelength is defined as

C(t) = Co + Awt + k- dz(t)

where (, is the initial phase, Aw is the detuning factor, and
dz is the relative position of the electron in the wave. The
detuning factor describes the amount that the electron’s initial
energy is different from the resonant energy and is

(335)

Aw = Bowp — wr(l = ). (36)
Using
afy _ 1 d*(t)
At w, de? S

a pendulum equation is obtained which describes the motion
of the electron relative to the wave

dzC(t)_Q2J t 2 2¢in(2 2wyt
a2 e o(a) cos acos ((t) + a;,w, sin (2a — 2wyt)
(38)
where
kpawc
= JpluwC (39
YoWp
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and
0 — 2¢2E,E,

o —

mid “0
This equation can be solved by perturbation to obtain the
velocity, using € = 92/Aw? as the small expansion parameter.
From the change in velocity over the length of the undulator,
we obtain the change in electron energy. The average final
electron energy, {v(t)}, is found by averaging over the initial
phase (,. The negative of the average change in electron
energy gives the change in radiation energy, which is

Yo = (r(8))
Yo
204
w—z%%Jg (a)cos? a(l — cos Awt — 242 sin Awt)

2
+ %"Jo(a) cos(2a — 2wpyt).

(41)

The gain, G(t), is obtained by multiplying the change in
radiation energy by the number of electrons, 7V, and dividing
by the EM wave energy, 2E2V/8m, where n, is the beam’s
electron density and V is the volume that contains the electron
beam and EM radiation [25]. The resulting gain for the plasma
wave undulator is
_ 87re4E§nbc NyAp 31
;60'7077%02 Aw?
AT
X I:Joz(a) cos? a(l — cos AWT — —% sin AUT)

G(r) =

WpYoMoC

A_3 4 2
+ —w—’LEi,{EiJo(a) cos(2a — 2wpT) 42)
402w,

where we have used the following dimensionless variables in
the time varying terms:

Boc — NyAp _ Nw)\p

= = A = .
T th/\p, Aw w B and W, = w, e

(43)

We note that kpc = w, for the relativistic plasma wave and, in
general, a,, is small and ~ is large. Then the arguments of the
cosine and Bessel function terms are small, thus these terms
are approximately equal to one.

The pendulum and gain equations for the ac FEL undulator
are obtained from (38), (41), and (42) by setting k, =
0. The gain equations for the plasma wave and ac FEL
undulator have terms which depend on @,7 and are due to the
electrostatic field. The electrostatic field term also depends on
the square of the ratio of the electrostatic to electromagnetic
field magnitudes; and as the electromagnetic field becomes
larger, the electrostatic term becomes less significant.

For comparison, we write the pendulum and gain equations
for the linearly polarized magnetic wiggler [25]

() _ —0%sin((t)

= 4
e (44)
and
4e*B2np ) Awt
- 0 27° {1 — cos Awt — —— sin Awt | (45
G(t) Barnmac)® (] cos Aw 3 sin Aw ) 45)
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where
02— 2¢%B,E,
20242 °
’meOC
2 2
2 2 e"B;
= 1+ —=% ). 6
YB 70( + m%c%ﬂf) ( )

B, is the magnet field strength, A, = 2x/k, is the magnetic
wiggler wavelength, and w, = k,c.
In Fig. 11 we plot the gain versus 7 (42) in units of
(8me* E2npc/wp) (NuwAp/ BoYomoc?)® (48)
for several values of dimensionless detuning (Aw from 1 to 5)
for the plasma wave undulator. At 7 = 0, the electron enters
the undulator, and exits it at 7 1. For positive detuning
values close to resonance (Aw small), there is positive gain
which increases as the electron travels down the undulator, as
shown in the figure. As the detuning increases, the gain reaches
a maximum and begins to drop near the end of the undulator.
For detuning values far from resonance (i.e., Aw > 10), the
gain will oscillate rapidly between positive and negative values
as the electron travels along the undulator.

The case shown in Fig. 11(a) is for an electron of v, = 4
in an undulator of a,, = 0.1, and undulator-to-wave field ratio
E,/E, of 0.1. The gain plots for an ac FEL undulator and a
linearly polarized magnetic undulator also resemble Fig. 11(a).
However, for smaller values of a,, or larger field ratios, the
electrostatic term in the gain equation becomes significant and
the gain curves become as shown in Fig. 11(b) for the plasma
wave and ac FEL undulators. There is a rapid oscillation
superimposed upon the gain curves which is due to the
electrostatic field term in the gain equation. By adjusting the
terms multiplying the electrostatic term of the gain equation,
this oscillation can be eliminated or increased. The physical
reason we give for this oscillation is as follows. As the electron
oscillates, a component of its velocity is alternately parallel
and antiparallel to the electric field. The electric field can do
work on the electron at a rate given by €7 - E and thus can
change its energy. In the magnetic undulator, the magnetic
field cannot change the energy of the electrons, and therefore
the gain curves are smooth.

Fig. 12 plots the gain (and absorption) versus detuning for
four values of time, which represent plasma wave undulators
that are shorter or longer than 7 1. Positive gain occurs
for small positive values of detuning, and negative gain (or
absorption) occurs for small negative values of detuning. For
larger values of detuning (either positive or negative), the gain
is small and oscillates about zero.

The case shown in Fig. 12(a) is for an electron of v, = 4
in an undulator of a,, = 0.1, and undulator-to-wave field ratio
of 0.1. The gain plots for an ac FEL undulator and linearly
polarized magnetic undulator also resemble Fig. 12(a). The
parameters of the plasma wave undulator can be chosen so that
the electrostatic term becomes significant, and this is shown
in Fig. 12(b) for a,, = 0.01, field ratio = 3.0, and v, = 4.
Fig. 12(b) shows that two of the curves oscillate about a mean
value greater than zero, and two oscillate about a value less
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Fig. 11. Normalized stimulated radiation gain versus normalized time in
the plasma wave undulator for five values of detuning, Aw, for (a) E,/Er
small and a., large, and (b) E,/E, large, a,, small and showing rapid gain
oscillations.

than zero. If the field ratio were increased more, the separation
between the two sets of curves would also increase. The
parameters for Fig. 12(b) approximately correspond to those
for Fig. 11(b) which has high-frequency oscillations on the
gain curves. A possible explanation for the shift in the curves
is that the final electron energy at the end of the undulator can
be shifted higher or lower depending on whether the simulation
stopped at the peak or minimum of the rapid oscillations shown
in Fig. 11(b). This may explain the simulation result, however,
we are not certain that this effect would occur in a physical
undulator.

In the numerical simulations, a resonant EM wave was
injected into the plasma wave co-parallel with a micropulse
containing several thousand electrons having the same energy.
Fig. 13(a) shows the spatial distribution of the electrons after
emerging from the plasma wave undulator, for the case when
no EM wave is present. The electron bunch is moving upward
and the plasma wave is moving to the left in the figure. The
perspective is looking down (in the positive z direction) on the
electron bunch shown in the sketch in Fig. 1. In Fig. 13(b),
the EM wave is added which results in electron bunching.
The separation between the large bunches in Fig. 13(b) is
equal to the radiation wavelength A,. There are closer spaced
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Fig. 12. Radiation gain versus detuning in the plasma wave undulator for
four values of normalized time 7, for (a) E,/E, small and a., large, and
(b) E,/E, large and a,, small, showing gain curves offset above and below
the zero gain level.

bunches within the larger electron bunches with separation
approximately equal to the higher harmonic wavelengths.

In another simulation, a smaller monoenergetic group of 50
test electrons was injected along with an EM wave into the
plasma wave undulator and allowed to drift to the end of the
undulator. The final energies of the electrons were recorded
and then averaged over the group of 50. In order to simulate
injection at different detuning values, each simulation run
started with a different electron energy. In succesive simulation
runs, the initial electron energy was swept in small increments
over the range from v, = 3.9 to 4.1. The EM wave frequency
was resonant with the v, = 4.0 electron in each simulation run.
The negative of the average energy change of the emerging
electrons was plotted versus the initial energies in Fig. 14.
This is the gain/absorption curve obtained by simulation that
was approximated by (42) and plotted in Fig. 12. Note that the
baseline of the curve is shifted above the zero gain level, and
that the curve is not symmetric about the resonant energy,
Yo = 4. If several thousand electrons had been used in
the simulation (very expensive), the curve would probably
have been much smoother. However, again we see that the
simulation is in qualitative agreement with the results of the
approximate analytic theory.
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Fig. 13. Distribution of electrons emerging from the plasma wave undulator
for the cases of copropagating electromagnetic wave (a) not present and (b)
present, showing bunching at the fundamental and harmonic wavelengths;
obtained by numerical simulation.
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versus electron injection energy (v,), or detuning (Aw). This gain curve
results from combining the radiation of 50 electrons.

VI. SUMMARY

The relativistic plasma wave undulator has the potential to
be a compact and less expensive source of short wavelength
radiation down to the X-ray regime because it can be used
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with a modest energy relativistic electron beam. Approximate
expressions for the electron trajectories, spontaneous radiation,
and stimulated radiation gain have been obtained for the
plasma wave undulator as well as for the ac FEL. The electron
trajectory has a very small transverse drift in the plasma
wave undulator which causes the angular distribution of the
spontaneous radiation to be directed at a small angle away
from the undulator centerline. The ac FEL and conventional
magnetic FEL do not have this drift. The 3-D simulation
results confirm our approximate analytical expressions for
the trajectory, spontaneous radiation, and stimulated radiation
gain. The plasma undulator also offers different harmonic
content. The simulations also show that radiation gain occurs
when an EM wave copropagates with the electron beam;
however, a rapid modulation of the gain can also occur.
Electron bunching occurs at the radiation wavelength and at
harmonics when the EM wave is copropagating with the beam.
The stimulated radiation gain/absorption curves resemble those
of magnetic undulators, except that a shift in the gain curves
above or below zero gain was observed in the simulations.
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