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ABSTRACT

This study establishes the accuracy and efficacy of the recently developed radiative transfer with reciprocal transactions (R2T2) method for
quickly simulating radiation transfer through concentrated thick suspensions of optically hard nanoparticles featuring a large mismatch in
refractive and/or absorption indices compared with their surrounding medium. Concentrated suspensions of optically hard nanoparticles
exhibit strong light scattering and dependent scattering effects including both near-field interactions among particles and interferences of
scattered waves in the far-field. Concentrated suspensions of metallic nanoparticles also exhibit plasmon coupling effect that leads to widen-
ing of absorption peak and red-shift in the peak surface plasmon resonance wavelength. However, predicting these complex interactions
between EM waves and particles in thick and concentrated suspensions by explicitly solving Maxwell’s equations is computationally intensive,
if not impossible. Conventional solutions like Lorenz–Mie theory combined with independent scattering approximation do not account for
dependent scattering and plasmon coupling. Furthermore, the dense medium radiative transfer theory is a far-field approximation that does
not account for near-field effects, leading to significant errors in predictions, as illustrated in this study. By contrast, the R2T2 method’s pre-
dictions showed excellent agreement with the solutions of Maxwell’s equations obtained using the superposition T-matrix method for thin
films containing optically hard particles. The method also rigorously accounted for multiple scattering as well as plasmon coupling in thick
concentrated suspensions. These results could facilitate the design of plasmonic suspensions used in various energy and environmental
applications.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0192977

Optically hard nanoparticles refer to a class of nanoparticles that
strongly scatter incident light owing to their large relative refractive index
m defined as the ratio of the complex index of refraction of the particles
mp ¼ np þ ikp and that of the surrounding medium nm, i.e., m
¼ mp=nm at wavelength k.1 They are highly coveted in fields such as opti-
cal sensing, solar thermal energy conversion, and photoelectrochemistry.2–
4 Notably, optical hardness can be achieved with particles with high refrac-
tive index np, such as semiconductor particles, and/or with high absorption
index kp, such as metallic particles. For example, semiconductor nanopar-
ticles made of metal oxides such as Cu2O (Ref. 5) and TiO2 (Ref. 6) are
used to drive photocatalytic reactions for solar water splitting and CO2

reduction. Likewise, nanofluids containing Ag, Au, Cu, or Si nanoparticles
dramatically enhance light absorption in solar water collectors.7

Metallic nanoparticles may also exhibit localized surface plasmon
resonance (LSPR) resulting in absorption peaks at specific wavelengths

depending on their composition and size parameter v ¼ 2pr=k, where
r is the particle radius.8 For example, suspensions of Au nanoparticles
exhibit colors ranging from yellow to red depending on the particle
size and/or volume fraction.9,10 Metal nanoparticles are also used to
enhance light trapping in solar cells3 and to design colored radiative
cooling coatings.11

In all the aforementioned applications, light scattering by nano-
particles may also be affected by the presence and proximity of other
nanoparticles, especially when the suspensions are concentrated. This
phenomenon is referred to as dependent scattering. It includes near-
field interactions among nearest particles and interferences of scattered
waves in the far-field,12 which can result in unexpectedly high trans-
mittance of concentrated colloidal suspensions and paints.13,14

Additionally, highly absorbing optically hard nanoparticles may
exhibit plasmonic coupling among adjacent particles when the
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suspension is concentrated.15 This causes a redshift in the resonance
frequency of the nanoparticles that may change the suspensions’
appearance and their radiation characteristics.8 Therefore, accurate
prediction of radiation transfer through concentrated suspensions of
plasmonic nanoparticles is crucial for a wide range of applications,
including photothermal therapy,16 photovoltaics,17 as well as plas-
monic sensing.18

Conventionally, simulation methods solving the 1D radiative
transfer equation (RTE) have been used to predict the reflectance and
transmittance of nanoparticle suspensions.19–21 These methods utilize
a combination of Lorenz–Mie theory and superposition principle using
independent scattering approximation to compute the scattering and
absorption coefficients and the scattering phase function of suspen-
sions.22 To incorporate the effect of far-field interferences, the dense
medium radiative transfer theory (DMRT) modifies the scattering
coefficient rs and the asymmetry parameter g computed by Lorenz–
Mie theory using the so-called static structure factor correction.23

However, both these methods do not account for near-field effects and
higher order multiple scattering effects among particles in concen-
trated suspensions.14

Light transfer through a concentrated suspension of optically
hard nanoparticles can be simulated accurately by solving Maxwell’s
equations using the FDTD method, for example, Ref. 24. In this study,
Maxwell’s equations were solved by utilizing the open-source code
CELES25 that uses superposition T-matrix method on GPUs. It simu-
lates the interactions between a Gaussian beam and a plane-parallel
slab containing randomly distributed monodisperse particles. The
beam’s shape necessitated simulating a cylindrical particle suspension
of thickness L and radius Rc.

14 Specifically, particles were initially
placed within a rectangular prism of dimensions 4Rc� 4Rc� 2L, from
which a cylinder of thickness L and radius Rc was subsequently
extracted to mitigate edge effects.14 The choice of Rc was critical to
approximating the suspension as plane-parallel and minimizing pho-
ton bundles escaping from the cylinder’s sides, with Rc¼ 4L satisfying
these criteria according to preliminary simulations.14 The superposi-
tion T-matrix method is a conceptually exact solution of Maxwell’s
equations and does not include any assumptions to make the solution
simpler, e.g., Born approximation. However, in practice, the accuracy
of calculation of T-matrices depends on the maximum degree of
spherical harmonics lmax used in the series expansion that describes
the scattering properties of particles,25 as illustrated in Fig. S1 in the
supplementary material. Here, lmax¼ 3 was sufficient to achieve
numerical convergence. Moreover, it must be noted that unlike the
FDTD method, the CELES code does not explicitly compute the near-
field at each point but calculates the impact of near-field interactions
on the far-field, i.e., overall radiation transfer through the suspensions.
Additionally CELES does not solve the radiative transfer equation
(RTE) and, therefore, does not require the intermediate steps of com-
puting the scattering and absorption coefficients of the suspensions.
However, the method requires large computational resources and is
limited to suspension thickness on the same order of magnitude as the
wavelength of interest.14

To address this issue, researchers have tried using the T-matrix
method to compute the scattered electric field and estimate the radia-
tion characteristics of an ensemble of particles and use that as an input
into an RTE solver to predict the reflectance, transmittance, and
absorptance of a thick medium.26–28 However, their predictions

significantly overestimated the reflectance. This was due to the fact
that the T-matrix method simulates a normally incident plane wave
from the free space to the particulate medium, whereas in reality, in a
thick suspension, most particles encounter a wave scattered from other
particles in the particulate medium. Therefore, the T-matrix method
includes a coherent scattering component (corresponding to specular
reflection at the free space/medium interface) to the computed T-
matrix for each ensemble, which leads to overestimation of the scatter-
ing coefficient, and subsequently, the reflectance.

Recently, Muinonen et al.29 and V€ais€anen et al.30 developed the
so-called radiative transfer with reciprocal transactions (R2T2) method
for simulating radiation transfer in semi-infinite heterogeneous dense
random media involving multiple scattering. Yalcin et al.14 modified
the R2T2 framework to predict the normal-hemispherical reflectance
and transmittance of thick and concentrated plane-parallel slabs while
rigorously accounting for dependent scattering effects. The R2T2

method circumvents the overestimation of scattering coefficient by
computing the incoherent component of T-matrix by subtracting the
coherent component of T-matrix from the free-space total T-matrix.
These incoherent components are used to calculate the scattering and
absorption coefficients for particle ensembles, which are then used to
solve the RTE using the Monte Carlo method. The method involves
three steps. Step 1: a large number (�300–900) of spherical particle
ensembles of radius Re ranging from 5r to 10r containing monodis-
perse nanoparticles of radius r with the same particle volume fraction
as the ergodic medium are generated. Step 2: the open-source fast
superposition T-matrix method (FaSTMM)31 is used for calculating
the scattered electric field from an ensemble of particles exposed to a
plane-parallel wave. It accounts for near-field interactions, including
surface plasmon resonance and plasmonic coupling among adjacent
particles and predicts their impact on the far-field. The resolution of
the near-field interactions accounted for by the FaSTMM method
depends also on the maximum degree of spherical harmonics lmax

used in the series expansion describing the scattering properties of par-
ticles.31 The total scattered electric field vector Esca

i for the ith ensemble
can be written as30

Esca
i ¼

XN0

v¼1

Xv
w¼�v

awv1;iMwv þ awv2;iNwvð Þ; (1)

where awv1;i and awv2;i are the spherical vector wave function coeffi-
cients corresponding to polarizations 1 and 2, while Mwv and Nwv are
the base vectors comprising of vector spherical wave functions. The
integer N0 represents the degree of expansion needed for conver-
gence.30 The total scattering Csca;i and extinction Cext;i cross sections of
the ensemble are respectively expressed as30

Csca;i ¼ 1
q2
XN0

v¼1

Xv
w¼�v

jawv1;ij2 þ jawv2;ij2
� �

(2)

and

Cext;i ¼ 1
q2
XN0

v¼1

Xv
w¼�v

Re awv1;i þ awv2;ið Þ; (3)

where q ¼ 2p=k is the angular wavenumber. The absorption cross sec-
tion of particle ensemble “i” is given by Cabs;i ¼ Cext;i � Csca;i. The T-
matrix T i for the i

th ensemble can be computed from the relation30
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awv1;i
awv2;i

� �
¼ T i

fwv1
fwv2

� �
; (4)

where fwv1 and fwv2 are the coefficients of the incident electric field vec-
tor Einc. This T-matrix Ti can also be expressed as the sum of its inco-
herent T ic

i and coherent Tc components, the latter being identical for
all ensembles and computed in an analogous manner to Ti but using
the coefficients of the coherent scattered electric field written as30

Esca;c ¼ lim
N!1

1
N

XN
i¼1

Esca
i : (5)

Then, the incoherent component T ic
i can be calculated using

T ic
i ¼ T i � Tc. The corresponding coefficients of the incoherent scat-

tered electric field aicwv1;i and a
ic
wv2;i are given by30

aicwv1;i
aicwv2;i

 !
¼ T ic

i
fwv1
fwv2

� �
: (6)

Then, the incoherent scattering cross section of the ith ensemble can be
defined as30

Cic
sca;i ¼

1
q2
XN0

v¼1

Xv
w¼�v

jaicwv1;ij2 þ jaicwv2;ij2
� �

: (7)

Similarly, the incoherent extinction coefficient bici and the incoherent
scattering albedo xic

i of the ith ensemble are, respectively, expressed
as30

bici ¼ Cic
sca;i þ Cabs;i

Ve;i
and xic

i ¼ Cic
sca;i

Cic
sca;i þ Cabs;i

; (8)

where Ve;i is the volume of the particle ensemble. The incoherent scat-
tering and absorption coefficients of the ith ensemble are, respectively,
defined as30

rics;i ¼ bici x
ic
i and ji ¼ bici 1� xic

i

� �
: (9)

Finally, these coefficients are averaged over all ensembles to obtain the
radiation characteristics of the suspension. Step 3: the radiative transfer
equation (RTE) is solved via the Monte Carlo method. A wave-tracing
approach is used where the scattered radiation from the previous
ensemble, computed using radiation characteristics of a randomly

FIG. 1. Comparison of (a,c) the normal-
hemispherical transmittance Tnh and (b,d)
the scattering coefficient rs of a film of thick-
ness H¼ 2 lm containing non-absorbing
particles as functions of (a,b) relative refrac-
tive index m ¼ np=nm (kp ¼ km ¼ 0) or
(c,d) particle size parameter v predicted by
solving the RTE using the three models of
interest. For (a,b), the particles had radius
r¼ 50 nm and volume fraction fv¼ 10%,
whereas for (c,d), the particles had a relative
refractive index m¼ 2.5 and fv¼ 20%. The
predictions by the superposition T-matrix
method are used as references in (a,c). In
all cases, Rnh¼ 1 � Tnh.
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sampled ensemble, is used as incident radiation for the next ensemble,
thereby accounting for the non-planar nature of the radiation incident
on most particle ensembles inside the medium.14,30 The ensemble-
averaged extinction coefficient is used to determine the pathlength for
wave-tracing.

Predictions of the R2T2 method showed excellent agreement with
those from the superposition T-matrix method for concentrated sus-
pensions of silica nanoparticles of radius r varying from 15 to 35 nm,
volume fraction up to 40%, and suspension thickness up to 5lm.14

The model was also validated against measurements of spectral
normal-hemispherical reflectance and transmittance of (i) silica nano-
particle suspensions containing particles with radius r around 8–
14 nm and volume fraction fv � 15%14 and (ii) nanoemulsions with oil
droplet radius around 10nm and volume fraction fv � 20%.32 The
model accurately predicted an increase in transmittance with increas-
ing particle volume fraction owing to dependent scattering. By con-
trast, the DMRT method overpredicted the transmittance, whereas
assuming independent scattering significantly underestimated the
transmittance at large volume fractions. Overall, the R2T2 method
could adequately simulate dependent scattering effects in thick colloi-
dal suspensions of non-absorbing optically soft nanoparticles.
However, its validity and accuracy for optically hard nanoparticles has
not been established.

This study aims to identify the most appropriate and accurate
method to simulate radiation transfer through concentrated and thick
suspensions of optically hard nanoparticles exhibiting multiple scatter-
ing and/or plasmonic effects over wide ranges of relative complex
index of refraction m, particle size parameter v, and suspension thick-
ness H. In all cases, we solved the RTE using different simulation
methods to predict the normal-hemispherical reflectance Rnh and
transmittance Tnh of the suspensions using either (i) independent scat-
tering approximation or accounting for dependent scattering using (ii)
the DMRT or (iii) the R2T2 method. For thin films, the results were
compared with the predictions by the superposition T-matrix method.
In all cases, the nanoparticles were monodisperse and randomly dis-
tributed in a non-absorbing continuous medium of refractive index
nm¼ 1.0 at wavelength k¼ 500 nm, unless stated otherwise.
Additionally, the surrounding medium was non-absorbing and had a
refractive index nsur¼ 1.0 such that boundary reflection at the continu-
ous medium/surrounding interfaces could be ignored.

Figure 1(a) compares the normal-hemispherical transmittance Tnh
of a film of thickness H¼ 2lm containing non-absorbing nanoparticles
(kp¼ 0) as a function of relative refractive index m ¼ np=nm predicted
by solving the RTE using the three models of interest with the predictions
by the superposition T-matrix method. The nanoparticles had radius
r¼ 50nm and volume fraction fv¼ 10%. In the absence of absorption,
the reflectance Rnh was such that Rnh ¼ 1� Tnh. Figure 1(a) establishes
that assuming independent scattering significantly underestimated the
transmittance over the range of relative refractive index considered. By
contrast, predictions by the DMRT method were in good agreement
with the predictions by the superposition T-matrix method only for rela-
tive refractive indexm� 2 but deviated substantially beyond. Finally, pre-
dictions by the R2T2 method fell within 3% of the predictions by the
superposition T-matrix method for all relative refractive index m
considered.

Figure 1(b) plots the corresponding scattering coefficient rs as a
function of m predicted by the three models considered. As expected,

in all cases, the scattering coefficients increased with increasing index
mismatch. However, the increase in rs predicted by the DMRT
method was more subdued in comparison to that predicted by the
R2T2 method because the DMRT method could not account for higher
order scattering terms for large relative refractive index m. Finally, the
scattering coefficient rs predicted by assuming independent scattering
was significantly larger than those predicted by the DMRT and R2T2

methods for all values ofm considered. This resulted in overestimation
of the reflectance and underestimation of the transmittance [Fig. 1(a)].

FIG. 2. Comparison of the normal-hemispherical transmittance Tnh of a suspension
containing non-absorbing nanoparticles of radii (a) r¼ 10 nm and (b) r¼ 20 nm as
a function of suspension thickness H predicted by solving the RTE using the three
models of interest. Particles had a relative refractive index m¼ 2.5 and volume frac-
tion fv¼ 20%. In all cases, Rnh¼ 1 � Tnh.
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Figure 1(c) compares the normal-hemispherical transmittance
Tnh of a film of thickness H¼ 2lm containing non-absorbing nano-
particles as a function of particle size parameter v predicted by solving
the RTE using the three models of interest with the predictions by the
superposition T-matrix method. The particles were optically hard with
relative refractive index m¼ 2.5 and volume fraction fv¼ 20%. Figure
1(c) indicates that assuming independent scattering consistently
underestimated the transmittance Tnh, while the DMRT method over-
estimated it as compared to the predictions by the superposition T-
matrix method. Finally, predictions by the R2T2 method showed good
agreement with the predictions by the superposition T-matrix method
for all size parameters v considered.

Figure 1(d) plots the corresponding scattering coefficient rs as a
function of particle size parameter v predicted by the three models of
interest. As expected, the scattering coefficients increased significantly
with increasing size parameter v. Here again, assuming independent
scattering overestimated the scattering coefficient rs compared with
that predicted by the R2T2 method, while the DMRT method under-
predicted it.

Overall, these observations were consistent with the previously
reported results for suspensions of optically soft particles14 and expand
the range of applicability of the R2T2 method.

Figure 2 compares the normal-hemispherical transmittance Tnh
at wavelength k¼ 500 nm of colloidal suspensions with nanoparticles
of refractive index np¼ 2.5 and volume fraction fv¼ 20% for particle
radius (a) r¼ 10nm and (b) r¼ 20nm predicted as functions of sus-
pension thickness H by solving the RTE using the three models of
interest. Figure 2 shows that the transmittance decreased with increas-
ing suspension thickness H due to multiple scattering. Here again,
assuming independent scattering consistently underestimated the
transmittance compared to when dependent scattering was accounted
for. Furthermore, the difference between predictions by the R2T2

method and the DMRTmethod grew more pronounced as the suspen-
sion thicknessH increased, highlighting the cumulative impact of mul-
tiple scattering in thicker suspensions. These results can be crucial in
designing metamaterials using non-absorbing nanoparticles for radia-
tive cooling, optical sensing, and anti-reflective applications.33–35

Figure 3 compares the spectral normal-hemispherical (a,c) trans-
mittance Tnh;k, (b) absorptance An;k, and (d) reflectance Rnh;k from
300 to 500 nm predicted by solving the RTE using the three models of
interest with the predictions by the superposition T-matrix method for
films of thickness H¼ 0.5lm containing Ag nanoparticles with radius
r¼ 10nm and volume fraction (a,b) fv¼ 1% or (c,d) fv¼ 20%. The
spectral refractive np;k and absorption kp;k indices of Ag nanoparticles

FIG. 3. Comparison of the spectral
normal-hemispherical (a,c) transmittance
Tnh;k, (b) absorptance An;k, and (d) reflec-
tance Rnh;k of a thin film of thickness
H¼ 0.5lm containing Ag nanoparticles
of radius r¼ 10 nm as functions of wave-
length k predicted by solving the RTE
using the three models of interest for parti-
cle volume fractions (a,b) fv¼ 1% and
(c,d) fv¼ 20%. The spectral predictions
by the superposition T-matrix method and
those obtained using Maxwell–Garnett
model are used as references.
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were obtained from Ref. 36. Predictions for the film approximated as
homogeneous with effective refractive and absorption indices given by
Maxwell–Garnett effective medium approximation (EMA) are also
provided as references in Figs. 3(a)–3(d). Figures 3(a) and 3(b) show
that the spectral predictions obtained by solving the RTE using the
three models of interest, as well as those predicted using the EMA
were in excellent agreement with the predictions by the superposition
T-matrix method for particle volume fraction fv ¼ 1% at all wave-
lengths considered. All four models predicted a significant decrease in
transmittance Tnh;k and a peak in absorptance An;k around
k � 355 nm resulting from surface plasmon resonance exhibited by
individual Ag nanoparticles. The reflectance Rnh;k was negligible for all
wavelengths because the suspension was dilute and the nanoparticles
were widely dispersed in a thin film of thickness 0.5lm, resulting in
minimal scattering. By contrast, Figs. 3(c) and 3(d) indicate that as fv
increased to 20%, predictions by the DMRT method as well as those
obtained by assuming independent scattering deviated significantly
from the predictions by the superposition T-matrix method. This was
because both methods could not account for the coupling of surface
plasmons taking place among Ag nanoparticles at large volume frac-
tions. By contrast, the trends in the predictions by the R2T2 method
were similar to those by the superposition T-matrix method. The R2T2

method was able to account for plasmon coupling effects via the fast
superposition T-matrix method (FaSTMM)31 that led to significant
widening of the absorption band between 350 and 450nm and the
red-shift in Tnh;k for large volume fractions [Fig. 3(c)]. The difference
between predictions by the R2T2 method and the predictions by the
superposition T-matrix method can be attributed to the fact that the
R2T2 method does not account for coherent backscattering from the
surrounding/film interface but only considers absorption and incoher-
ent scattering from the bulk of the film.14 At large particle volume frac-
tions, the film containing Ag nanoparticles behaves as a refractive and
reflective medium, which contributes to the reflectance via coherent
(specular) scattering from the top and bottom boundaries of the film.
This is confirmed by the large reflectance Rnh;k predicted for the
homogeneous slabs with effective optical properties given by Maxwell–
Garnett model for fv¼ 20%. Since the R2T2 method does not account
for coherent scattering, it underestimated the reflectance of concen-
trated suspensions of plasmonic nanoparticles such as Ag, as illustrated
in Fig. 3(d). Note that the independent scattering approximation and
the DMRT methods did not account either for specular reflection at
the free space/medium interface since the host medium and its sur-
roundings were chosen to be of the same material, namely air.
Nevertheless, predictions of transmittance Tnh;k by the R2T2 method

FIG. 4. Comparison of the spectral (a,c)
scattering rs;k and (b,d) absorption jk
coefficients corresponding to the data plot-
ted in Fig. 3.
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aligned more closely with the trends of the predictions by the superpo-
sition T-matrix method as compared to those by the independent scat-
tering approximation and the DMRTmethod.

Figure 4 compares the spectral (a,c) scattering rs;k and (b,d)
absorption jk coefficients predicted using the three models of interest
corresponding to data plotted in Fig. 3. Figure 4 shows that the predic-
tions by all three models agreed with each other for small volume frac-
tion fv¼ 1%. All models predicted peaks in the scattering and
absorption coefficients around k¼ 355 nm owing to surface plasmon
resonance in Ag nanoparticles. As expected, all three models predicted
an increase in the scattering and absorption coefficients as the volume
fraction increased to fv¼ 20%. However, the DMRT method predicted
a smaller spectral scattering coefficient compared to that predicted
using the independent scattering approximation, while the spectral
absorption coefficient was the same for both models. This can be
attributed to the fact that the static structure factor used in DMRT
method to account for dependent scattering effects only modifies the
scattering cross section of particles, while the absorption cross section
remains the same as that predicted based on Lorenz–Mie theory.
Notably, both these models predicted the same peak resonance wave-
length for volume fractions fv¼ 1% as well as for fv¼ 20%. This estab-
lishes that these two models cannot account for plasmon coupling
effects among adjacent particles. On the other hand, the R2T2 method

rigorously accounted for plasmon coupling effects by predicting wid-
ening of the peaks in the scattering and absorption coefficients and
also a red-shift in the peak resonance wavelength as the volume frac-
tion increased from 1% to 20%.

Figure 5 compares (a) the normal-hemispherical reflectance Rnh
and (b) the normal absorptance An of a suspension (nm¼ 1.0) of thick-
ness H¼ 1mm containing Ag nanoparticles of radius r¼ 50 nm as
functions of particle volume fraction fv predicted by solving the RTE
using the three models of interest at wavelength k¼ 400 nm. The cor-
responding scattering rs and absorption j coefficients are presented in
Figs. 5(c) and 5(d), respectively. Interestingly, Fig. 5(a) shows that the
reflectance Rnh predicted by assuming independent scattering
remained nearly constant for volume fraction fv � 0.01%, despite an
increase in the scattering rs and absorption j coefficients observed in
Figs. 5(c) and 5(d). This can be attributed to the large optical thickness
(�12) of thick suspensions of Ag nanoparticles with fv¼ 0.01% and
H¼ 1mm that causes the suspensions to effectively behave as semi-
infinite. Indeed, the reflectance Rnh predicted by assuming indepen-
dent scattering plateaued for optical thickness exceeding 10 (see Fig. S3
in the supplementary material). Predictions by the DMRT method and
by the R2T2 method agreed with those obtained by assuming indepen-
dent scattering for fv < 1%. However, for larger fv, the dependent scat-
tering effects significantly decreased the reflectance Rnh and allowed

FIG. 5. Comparison of (a) the normal-
hemispherical reflectance Rnh, (b) the nor-
mal absorptance An, (c) the scattering
coefficient rs, and (d) the absorption coef-
ficient j of a 1 mm thick suspension con-
taining Ag nanoparticles of radius
r¼ 50 nm as functions of volume fraction
fv predicted by solving the RTE using the
three models of interest at wavelength
k¼ 400 nm.
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more radiation to penetrate inside the medium and get absorbed.
Additionally, the difference in the predictions of reflectance Rnh by the
DMRT method and by the R2T2 method increased substantially as the
volume fraction increased due to the difference in the predicted scat-
tering coefficients rs [Fig. 5(c)]. Finally, Fig. 5(d) shows that the
absorption coefficients j predicted by the DMRT method and by the
independent scattering approximation were identical. However, these
two models overestimated j compared to the R2T2 method as the vol-
ume fraction increased. This can be attributed to plasmon coupling
effects in concentrated suspensions of Ag nanoparticles that were
accounted for by the R2T2 method but ignored by the DMRT method
and the independent scattering approximation.

Overall, this study established that dependent scattering, and
plasmon coupling prevailed in concentrated colloidal suspensions of
optically hard nanoparticles and influenced significantly their inter-
action with incident EM waves. These phenomena had a substantial
cumulative effect on the reflectance, transmittance, and/or absorp-
tance of colloidal suspensions, especially for large suspension thick-
ness. The R2T2 method was found to be the most suitable and
accurate to simulate these dependent effects in concentrated and
thick suspensions when solving Maxwell’s equations becomes com-
putationally impractical or impossible. The R2T2 method accounted
for near-field effects such as plasmon coupling among particles and
predicted their impact on the far-field, unlike the DMRT method
and the independent scattering approximation. Therefore, the R2T2

method should be preferred for its minimal computational resource
requirements and high accuracy over a wide range of particle relative
complex index of refraction, size parameter, volume fraction, and
suspension thickness.

See the supplementary material for Fig. S1, which compares the
spectral (a) normal-hemispherical transmittance Tnh;k and (b) absorp-
tance An;k of a thin film of thickness H¼ 0.5lm and refractive index
nm¼ 1.0 containing Ag nanoparticles of radius r¼ 10 nm and volume
fraction fv¼ 5% predicted by CELES25 as functions of wavelength k
for different values of lmax, i.e., the maximum degree of spherical har-
monics used in the series expansion that describes the scattering prop-
erties of particles. Here, numerical convergence was achieved for
lmax¼ 3. Figure S2 plots the normal-hemispherical transmittance Tnh
of a film of thickness H¼ 2lm containing non-absorbing nanopar-
ticles (kp¼ 0) as a function of relative refractive indexm ¼ np=nm pre-
dicted by solving the RTE using the R2T2 method. The particles were
either monodisperse with radius r¼ 50 nm or polydisperse with mean
radius �r ¼ 50 nm and standard deviation r¼ 5 nm or 10 nm and had
volume fraction fv¼ 10%. Figure S2 shows that the transmittance pre-
dictions for polydisperse particle size distributions were within 10% of
those for the monodisperse size distribution. Figure S3 shows that (a)
the normal-hemispherical reflectance Rnh and (b) the normal absorp-
tance An of 1mm thick suspensions containing monodisperse and ran-
domly distributed Ag or Al nanoparticles of radius r¼ 30 or 50 nm
predicted by solving the RTE using the independent scattering approx-
imation plateaued as the optical thickness bH increased.
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