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Dependent scattering and fractal microstructure
determine the transparency of aerogel monoliths
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ABSTRACT
This study reveals how dependent scattering and microstructure significantly affect electromagnetic wave propagation through aerogel mono-
liths, contributing to their transparency. Light scattering by particle ensembles is considered “dependent” when the scattering properties rely
not only on particle size and optical constants but also on their spatial distribution, typically occurring when the average interparticle distance
is small in comparison with the wavelength of incident radiation. Addressing dependent scattering requires solving Maxwell’s equations for
complex heterogeneous structures, which is computationally demanding and usually limited to sample thicknesses on the same scale as the
wavelength. This study combines computer-generated ambigel microstructures of fractal aggregates of polydisperse nanoparticles and the
radiative transfer with reciprocal transaction method to predict the transmittance of thick ambigel slabs. Transmittance measurements of
ambiently dried aerogel monoliths (ambigels) with porosities from about 50% to 90% closely matched the predicted values for their digital
twins. However, ignoring dependent scattering or particle aggregation led to inaccurate predictions. This study validated the computational
framework, and its findings offer insights for designing photonic metamaterials and analyzing their interactions with electromagnetic waves.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0238739

NOMENCLATURE

Df fractal dimension
dp pore size (nm)
f(rs) or f(dp) particle or pore size distributions
fv particle volume fraction
hvis visible haze
Iλ spectral radiation intensity (W m−2 sr−1 nm−1)
ks particle absorption index
L aerogel slab thickness (mm)
m relative particle complex index of refraction,

m =ms/nm
ms particle complex index of refraction, ms = ns + iks
ns particle refractive index

nm continuous medium refractive index
N number of particle ensembles
Ns number of particles in a particle ensemble
NT number of particles per unit volume (m−3)
Ncl number of clusters in the computational domain

(m−3)
P pressure (Pa)
P0 saturation vapor pressure (Pa)
Qabs absorption efficiency factor
Qsca scattering efficiency factor
Re radius of spherical particle ensemble
r location vector (m)
rs particle radius (nm)
rs average particle radius (nm)
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s direction vector
Tic incoherent T-matrix
Tc coherent T-matrix
Tnh normal–hemispherical transmittance
Ve volume of particle ensemble (nm3)
w volume of gas adsorbed gas per unit mass of aerogels

(cm3 g−1)
xs particle size parameter, xs = 2πrs/λ

Greek Symbols

β effective extinction coefficient (m−1)
θ polar angle (rad)
κ effective absorption coefficient (m−1)
λ wavelength in vacuum (nm)
σ standard deviation of particle radius rs (nm)
σs effective scattering coefficient (m−1)
ϕ aerogel porosity, ϕ = 1 − fv
ΦT effective scattering phase function
φ azimuthal angle (rad)
χs size parameter, χs = 2πrs/λ
Ω solid angle (sr)

Subscripts

λ spectral value
i incident radiation
j jth particle ensemble (1 ≤ j ≤ N)
r reflected radiation
t transmitted radiation

Superscripts

c coherent radiation
d dependent scattering
ic incoherent radiation
ind independent scattering
M Lorenz–Mie theory

I. INTRODUCTION
Porous materials such as polymeric foams and glass wools have

been used extensively for thermal insulation applications. These
materials are opaque and often white in appearance due to scat-
tering by struts and fibers with sizes larger than the wavelength of
light. However, several applications such as windows,1,2 skylights,3
and solar thermal energy conversion systems4 require materials that
are optically transparent to incident light but are thermally insulat-
ing for reducing heat loss. For such applications, aerogel monoliths
are highly promising candidates provided that they can be made
transparent and not translucent.

Aerogels are mesoporous materials consisting of fractal aggre-
gates of particles with diameters spanning from 1 to 10 nm and
small pore sizes between 2 and 50 nm. In addition, they pos-
sess a large specific surface area, a porosity greater than 70%, low
thermal conductivity comparable to that of air, and a low effec-
tive refractive index. Their thermal conductivity typically decreases
with increasing porosity achieved by increasing pore size and thus

light scattering. The increase in light scattering renders the material
hazy and decreases the optical clarity of aerogel monoliths. In fact,
highly insulating aerogels with porosity exceeding 95% exhibit a
translucent quality rather than transparency and possess a blue tint.
Synthesizing aerogels that are both thermally insulating and opti-
cally transparent is challenging and requires optimizing the porosity
and microstructure to reduce electromagnetic (EM) wave scattering.

Light transfer simulations usually treat aerogels as homoge-
neous with some effective absorption and scattering coefficients
determined by assuming that the constituent particles scatter light
independently of one another.5 However, this may not hold true
for aerogel monoliths with relatively large particle volume frac-
tions or low porosities. Indeed, light transfer through aerogels not
only depends on the primary particle size, particle volume frac-
tion, and optical constants of its constituent particles but may also
depend on their spatial arrangement. This phenomenon has been
termed “dependent scattering,” which usually occurs when the aver-
age interparticle distance is small compared to the wavelength of
incident light.6 Simulating light transfer through aerogel monoliths
is complicated because of the difficulty in generating realistic and
representative complex microstructures.

The present study aims to understand the interaction of aero-
gel monoliths with EM waves and the effect of their microstructures.
First, a computational framework was developed for simulating EM
wave transport through realistic computer-generated plane–parallel
thick silica aerogel monoliths and accounting for their heteroge-
neous and fractal microstructures. The simulations of radiation
transfer accounted for dependent scattering, coherent backscatter-
ing, and near-field effects in the aerogel microstructure. Finally,
ambiently dried aerogel (ambigel) monoliths with porosity span-
ning from 50% to 90% were synthesized and characterized. Their
normal–hemispherical spectral transmittance was measured exper-
imentally and compared with the solutions of the radiative trans-
fer equation assuming independent scattering or accounting for
dependent scattering and the fractal aerogel microstructures.

II. BACKGROUND
A. Maxwell’s equations

The transport of electromagnetic waves in heterogeneous struc-
tures, such as particle suspensions or solid mesoporous slabs, is
governed by Maxwell’s equations. Typically, these equations are
solved through numerical methods, such as the finite difference time
domain (FDTD),7 discrete dipole approximation (DDA),8 finite ele-
ment method (FEM),9 and superposition T-matrix10 methods, for
example. In fact, such techniques have been used to investigate light
scattering by particles consisting of a relatively limited number of
fractally aggregated particles of dust, ice, and silica.11–13 However,
when the dimensions of the heterogeneous medium are large and
the particles are small relative to the wavelength of the incident radi-
ation, solving Maxwell’s equations becomes challenging due to the
high computational demands of these methods. This is the case of
millimeter thick plane–parallel aerogel slabs consisting of fractally
aggregated nanoparticles. Then, an alternative approach is using
radiation transfer theory, which involves solving the radiative trans-
fer equation (RTE) and treating the heterogeneous medium as a
homogeneous structure with effective radiative properties.14
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B. Radiative transfer equation
The local spectral radiation intensity field Iλ(r, ŝ) at a given

location r and propagating in direction ŝ within a heterogeneous
medium can be predicted by solving the non-emitting, absorbing,
and scattering radiative transfer equation (RTE) expressed as15

dIλ(r, ŝ)
ds

= −(σs,λ + κλ)Iλ(r, ŝ) + σs,λ

4π ∫4π
Iλ(r, ŝ ′)ΦT,λ(ŝ ′, ŝ)dΩ′.

(1)
Here, σs,λ and κλ are the heterogeneous medium effective scattering
coefficient and absorption coefficient, respectively, while ΦT,λ(ŝ ′, ŝ)
is the effective scattering phase function. The RTE accounts for the
extinction of the intensity due to out-scattering and absorption as
well as its amplification due to inscattering and multiple scattering
from direction ŝ ′ into direction of interest ŝ. The RTE is numerically
solved to predict the local radiation intensity Iλ(r, ŝ) along various
directions for given effective radiation characteristics κλ, σs,λ, and
ΦT,λ(ŝ ′, ŝ) at wavelength λ.

C. Independent scattering
Mishchenko11 derived the Radiative Transfer Equation (RTE)

from Maxwell’s equations by assuming that (i) the positions of the
particles are independent of one another, (ii) the medium has a suffi-
ciently high concentration of particles, and (iii) the average distance
between particles far exceeds the wavelength of the incident radi-
ation. Given these conditions, a particle’s scattering is unaffected
by nearby particles, enabling the calculation of effective absorption
and scattering coefficients of the particle ensemble using superposi-
tion principles. This involves summing the absorption and scattering
cross sections of each individual particle in the suspension and divid-
ing by the corresponding total volume; this scenario is referred to
as “independent scattering.” The effective radiative properties κind

λ ,
σind

s,λ , and ΦT,λ(Ω′, Ω) for a heterogeneous medium composed of
monodisperse spherical particles of radius rs and complex refractive
index ms,λ = ns,λ + iks,λ within a non-absorbing medium of refractive
index nm,λ can be described as15

σind
s,λ = NTπr2

s QM
sca,λ(χs, mλ) and κind

λ = NTπr2
s QM

abs,λ(χs, mλ), (2)

ΦT,λ(ŝ ′, ŝ) = ΦM
λ (ŝ ′, ŝ). (3)

In this context, χs = 2πrs/λ represents the particle size parameter,
and mλ = ms,λ/nm,λ is the particle’s relative complex refractive index.
In addition, NT = 3 fv/4πr3

s denotes the number of particles per unit
volume of the medium, with fv being the particle volume frac-
tion. The absorption efficiency factor QM

abs,λ(χs, mλ), the scattering
efficiency factor QM

sca,λ(χs, mλ), and the scattering phase function
ΦM

λ (ŝ ′, ŝ) for a single spherical particle can be estimated using the
Lorenz–Mie theory.16 Analogous expressions are available for het-
erogeneous media containing polydisperse spherical particles with
varying size distributions.15

D. Dependent scattering
As the particle volume fraction in a suspension or a mono-

lith increases, the interparticle distance becomes similar or smaller
than the wavelength λ of the incident light, causing particles to

scatter in a dependent manner rather than independently.6 Depen-
dent scattering effects include the far-field interference of scattered
waves as well as near-field interactions.6 Tien and Drolen17 reviewed
various analytical models accounting for dependent scattering in
packed fluidized beds developed prior to 1987,18–21 proposing a
scattering regime map based on size parameter χs and particle vol-
ume fraction fv under the assumption of an orthorhombic particle
arrangement. However, recent work has shown that radiation char-
acteristics depend on the specific spatial distribution of particles,
suggesting that orthorhombic packing and other standardized pack-
ings may not accurately represent particle suspensions or aggregates
where dependent scattering is dominant. Instead, the scattering effi-
ciency factor and asymmetry factor for a group of particles can
be described as Qd

sca,λ(χs, mλ, d/λ) and gd
λ(χs, mλ, d/λ), respectively,

where d is the average interparticle distance. A new regime map
was proposed to replace that of Tien and Drolen17 to better distin-
guish dependent and independent scattering regimes using χs vs d/λ,
reflecting these advances.22

A common method for addressing dependent scattering
involves the use of the static structure factor, which represents
the spatial correlation between a given particle and its immediate
neighbors.23,24 This factor is applied so as to multiplicatively alter
the independent scattering solution.24 For instance, Tsang and Ishi-
maru25 formulated the dense medium radiative transfer (DMRT)
theory from the second moment equations of electromagnetic wave
theory, separating the scattered field into coherent and incoher-
ent components. The incoherent scattered field complies to the
Bethe–Salpeter equation25 under the quasi-crystalline approxima-
tion with coherent potential. In essence, the DMRT method handles
dependent scattering by adjusting the scattering coefficient and
asymmetry parameter predicted from the independent scattering
assumption with a multiplicative introduction of the static structure
factor. However, it should be recognized that the DMRT method
does not consider near-field effects or particle aggregation.26

E. Radiative transfer with reciprocal transaction
(R2T2) method

Muinonen et al.27 and Väisänen et al.28 introduced the Radia-
tive Transfer with Reciprocal Transactions (R2T2) method to solve
the Radiative Transfer Equation (RTE) in semi-infinite media using
the Monte Carlo approach. Initially, the R2T2 method utilizes the T-
matrix method to determine the effective radiation characteristics of
dense particle suspensions as opposed to using the Lorenz–Mie the-
ory. This technique accounts for both far-field and near-field effects
in computing the scattered electric field. In practical terms, a signifi-
cant number (>500) of sufficiently large spherical particle ensembles
is generated (see Fig. S4 of the supplementary material) and sam-
pled so as to ensure an ergodic medium, and the T-matrix T of the
particle ensemble is computed. However, the computed T-matrix T
cannot be directly applied since it treats the electromagnetic radi-
ation as incoming from free space onto the particle ensemble. In
aerogel monoliths, light only undergoes volumetric scattering by the
particles, matching the incoherent component of the T-matrix,26

without encountering artificial surface boundaries associated with
the coherent component of the T-matrix. Therefore, the incoher-
ent T-matrix Tic should be used exclusively when evaluating the
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radiative properties of the particle ensemble. To do so, the coher-
ent T-matrix Tc can be obtained by an arithmetic average of all “j”
particle ensemble (1 ≤ j ≤ N) T-matrices according to Ref. 28,

Tc = lim
N→∞

1
N

N

∑
j=1

Tj. (4)

Then, the incoherent T-matrix of particle ensemble “j” of T-matrix
Tj is given by Tic

j = Tj − Tc. Details of the method applied to the
plane–parallel slabs of heterogeneous media were presented in our
previous study and need not be repeated.26

The traditional Monte Carlo method assumes independent
scattering, and the incident electromagnetic field on any particle is
treated as a plane wave, with the Mueller matrix used to determine
the scattering direction. Conversely, the R2T2 method accounts for
radiation incident on a particle ensemble by using the outward scat-
tered radiation by the ensemble at the previous scattering event.
At each scattering event, the method uses the scattering character-
istics of a randomly chosen particle ensemble from the previously
generated N ensembles. This approach aligns the R2T2 method
more closely with solving Maxwell’s equations, contrasting with the
traditional methods typically used to solve the Radiative Transfer
Equation (RTE).

The aim of this study is to evaluate and quantify the impact
of particle aggregation and dependent scattering on electromag-
netic wave propagation through silica aerogels. A computational
approach based on the R2T2 method was designed to pre-
dict the radiation intensity field in realistic, computer-generated
plane–parallel aerogel monoliths of different thicknesses. This
method effectively captures multiple scattering as well as depen-
dent scattering and near-field effects within the fractal aggre-
gates of nanoparticles making up the aerogels. This study exam-
ined the validity of the independent scattering approximation and
explored how particle volume fraction, size distribution, and spa-
tial arrangement affect aerogel interaction with electromagnetic
waves. The synthesized ambigels were also characterized, and their
normal–hemispherical transmittance measurements were compared
with predictions for their digital twins. The framework estab-
lished in this study offers valuable potential in the development of
mesoporous thin films or slabs and other photonic metamaterials.

III. ANALYSIS
A. Problem statement

Figure 1 depicts the scattering of light within an aerogel mono-
lith and highlights the different length scales of the problem. Let
us consider a mesoporous aerogel of thickness L characterized by
a spherical particle size distribution f(rs) with a porosity ϕ, a frac-
tal dimension D f , and a pore size distribution f(dp). The silica
nanoparticles had a complex refractive index ms,λ = ns,λ + iks,λ, while
the continuous medium was air and non-absorbing with refractive
index nm,λ at a given wavelength λ.

B. Computer-generated aerogels
The so-called diffusion-limited cluster–cluster aggregation

(DLCCA) method was employed to generate fractal mesoporous
slabs composed of polydisperse spherical particles.29,30 To do so,

FIG. 1. Schematic of an aerogel monolith of thickness L constituting primary
particles of radius rs and pore size dp subjected to incident light of wavelength
λ.

the DLCCA method first generated a suspension of randomly
distributed monodisperse or polydisperse particles such that the
number of clusters Ncl equaled the number of particles. Then, the
DLCCA mechanism was used to simulate the aggregation of parti-
cles into clusters and the subsequent merging of smaller clusters into
larger ones with fractal dimension Df matching the measured value
for a specific sample and used as an input parameter in the DLCCA
method.29 Here, hundreds of particle ensembles were generated in a
relatively short amount of time via parallelization of the code devel-
oped by Morán et al.30 The computer generation of aerogels was
completed when Ncl = 1 corresponding to the situation where all
particles were in contact with one another in a single cluster.

A total of N = 512 aerogels were generated inside cubic com-
putational domains using the DLCCA method for a given particle
volume fraction fv and size distribution f(rs). Then, spherical particle
ensembles of radius Re were cropped from the center of the N = 512
cubic domains. To establish statistically representative mesoporous
structures when the pore size becomes larger than the particles and
contributes to scattering, the spherical particle ensembles radius
was taken as Re = 5 ×max(rs, dp/2). This choice of Re ensured that
the spherical particle ensembles were sufficiently large and ergodic-
ity was achieved for the highest porosities and accurately captured
scattering by pores.

C. Light transfer simulations
Solutions of the RTE in mesoporous slabs were predicted

numerically using the Monte Carlo method assuming indepen-
dent scattering.31 The effective scattering phase function, absorp-
tion coefficient, and scattering coefficient were computed using
the Lorenz–Mie theory and Eqs. (2) and (3) for monodisperse
spherical particles of arbitrary radius rs and porosity ϕ = 1 − fv.
Solutions of the RTE were formulated in relation to the spec-
tral normal–hemispherical transmittance Tnh,λ and reflectance Rnh,λ
given by

Tnh,λ = ∫
2π

0 ∫
π/2

0 Iλ,t(L, θt , φt) cos θt sin θtdθtdφt

Iλ,iΔΩi
, (5)

Rnh,λ = ∫
2π

0 ∫
π/2

0 Iλ,r(0, θr , φr) cos θr sin θrdθrdφr

Iλ,iΔΩi
, (6)
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where θt and φt are, respectively, the polar and azimuthal angles of
the transmitted intensity Iλ,t , θr and φr are the corresponding angles
of the reflected intensity Iλ,r , while Iλ,i is the intensity normally inci-
dent onto the slab in solid angle Ωi. Note that, when assuming
independent scattering, the solution of the RTE only depends on the
particles’ size distribution and volume fraction, not on their spatial
arrangement.15

The R2T2 method accounting for dependent scattering effects
in plane–parallel slabs, detailed in Ref. 28, was utilized in this work.
This implementation employed N spherical particle ensembles gen-
erated by the DLCCA algorithm to represent aerogel structures. In
addition, the haze of aerogel slabs is the fraction of visible light inten-
sity that is scattered and transmitted at angles greater than 2.5○ from
normal according to the ASTM D1003 standard and can be defined
as5

hvis = 1 − ∫
360○

0 ∫ 2.5○

0 ∫ 780 nm
380 nm PλIλ,t(L, θt , φt) cos θt sin θtdλdθtdφt

∫ 360○

0 ∫ 90○

0 ∫ 780 nm
380 nm PλIλ,t(L, θt , φt) cos θt sin θtdλdθtdφt

,

(7)
where Pλ is the so-called photopic spectral luminous efficiency func-
tion of the human eye.32 Haze is used to evaluate whether slabs are
transparent or translucent, i.e., a perfectly transparent slab would
have hvis = 0.

IV. MATERIALS AND METHODS
A. Aerogel synthesis

Mesoporous monoliths based on silica were synthesized via a
sol-gel method catalyzed by acid and base.2 Tetraethyl orthosilicate
(TEOS), methyltriethoxysilane (MTES), ethanol, formamide, and
water were mixed with respective molar ratios of 1.5:1:6.25:5:6.25.
Then, a 2M NH4OH base-catalyst was incorporated at a base-to-sol
volume ratio of 6:17. Next, the sol was promptly moved into a 10
× 10 × 0.15 cm3 plastic cartridge, where the sol underwent gelation
within a few minutes. The cassette was then aged for two days at
room temperature, and the gel monoliths were extracted from the
molds and submerged in ethanol. Moreover, the submerging ethanol
was then replaced with heptane, so as to minimize capillary stress
during drying thanks to its lower surface tension. Finally, the aero-
gels were ambiently dried by heptane drainage, allowing the pore
solvent to evaporate slowly in an air-tight vessel over the span of
seven days.

Three different samples with varying microstructures were syn-
thesized using the aforementioned method with some variations.
During the solvent exchange step, sample 1 underwent a surface
modification treatment consisting of immersing the sample in a
solution of a 1 vol. % of trimethylchlorosilane (TMCS) in heptane
for 30 min, resulting in a hydrophobic surface. This sample was
rinsed in ethanol to eliminate secondary substances produced by
the chlorosilane reaction with silica. The ethanol was subsequently
exchanged with heptane and dried in a high heptane concentration
atmosphere. This treatment effectively minimized capillary tension
during the drying phase, ensuring that the slab retained a porosity
of near 90%.2 Moreover, samples 2 and 3 did not undergo a TMCS
treatment and thus had significantly lower porosities in comparison
with sample 1. Finally, samples 1 and 2 underwent a calcination pro-
cess for 5 h, while sample 3 underwent a calcination process for 24 h
at 500 ○C in static air to eliminate any organic phase.

B. Microstructure characterization
Low-temperature nitrogen adsorption porosimetry measure-

ments were performed using an accelerated surface area and poros-
ity analyzer ASAP 2020 Plus (Micromeritics Instrument Corp.,
Norcross, GA). The specific surface area, micropore and meso-
pore volumes, pore size distribution, and volume fraction of open
porosity were computed following the methods detailed in Ref. 33.
Nitrogen porosimetry isotherms were utilized to calculate the sur-
face fractal dimension D f via the Frenkel–Halsey–Hill method based
on the following expression34

ln w = C − (3 −D f ) ln(RT ln
P0

P
), (8)

where w is the adsorbed volume of nitrogen gas per unit mass of
aerogels (in cm3 STP g−1). Here also, T denotes the temperature,
while P and P0 are the pressure and saturation vapor pressure,
respectively. In addition, R is the ideal gas constant, while C is an
empirical constant. Finally, the transmission electron microscopy
(TEM) images of sample powder were captured using a FEI Tecnai
G2 T20 electron microscope. The images were used to determine the
average silica particle size.

C. Transmittance measurements
Measurements of the spectral normal–hemispherical trans-

mittance Tnh,λ of the synthesized aerogels were taken using a
double-beam ultraviolet–visible (UV–Vis) spectrophotometer (iS50,
Thermo Fisher Scientific, USA) equipped with an integrating sphere
(EVO220, Thermo Fisher Scientific, USA). Here, laboratory mea-
surements of transmittance were obtained for wavelength λ span-
ning from 350 to 800 nm, in increments of 1 nm. Here, a base-
line transmittance measurement was performed with air such that
its corresponding normal–hemispherical transmittance Tnh,λ was
100%.

V. RESULTS AND DISCUSSION
A. Material characterization

Figure 2 shows (a) a TEM image and (b) a photograph of
ambigel sample 1. The TEM images indicate that the silica particles

FIG. 2. (a) TEM image and (b) photograph of synthesized transparent ambigel
sample 1 sitting on a printed image of UCLA Royce Hall.

APL Photon. 10, 046103 (2025); doi: 10.1063/5.0238739 10, 046103-5

© Author(s) 2025

 11 April 2025 22:30:34

https://pubs.aip.org/aip/app


APL Photonics ARTICLE pubs.aip.org/aip/app

TABLE I. Synthesis method, particle size rs ± σ, porosity ϕ, thickness L, and fractal dimensions D f of the synthesized ambigel monoliths.2

Aerogel sample # Synthesis method Porosity, ϕ = 1 − fv (%)
Thickness,

L (mm)
Particle size,
rs ± σ (nm) Fractal dimension, D f

1 TEOS, 1 vol. % TMCS, calcined 90.8 1.15 4.3± 1.0 2.4
2 TEOS, calcined 5 h 76.4 0.87 4.3± 1.0 2.4
3 TEOS, calcined 24 h 47.6 0.52 8.9± 2.5 2.6

for samples 1, 2, and 3 had an average radius rs and a standard devi-
ation σ of rs ± σ of 4.3 ± 1.0 nm, 4.3 ± 1.0 nm, and 8.9 ± 2.5 nm,
respectively.

Table I summarizes the microstructural parameters measured
for samples 1, 2, and 3, including their porosity ϕ, particle radius
rs ± σ, and fractal dimension D f . The sample porosity ϕ ranged from
90.8% for sample 1 to 47.6% for sample 3.

B. Characterization of computer-generated aerogels
Figures 3(a)–3(c) illustrate the computer-generated particle

ensembles representative of samples 1–3, respectively, described in
Table I. Figure 3(d) illustrates a particle ensemble having the same
porosity, fractal dimension, and average particle radius as sample
1 but with monodisperse particles. Finally, Figs. 3(e)–3(h) illus-
trate spherical particle ensembles of radii Re = 75, 30, 50, and
75 nm, respectively, that were cropped from Figs. 3(a)–3(d). It
should be noted that each of the 512 cropped ensembles con-
tains ∼70–500 particles, thereby maintaining a meaningfully defined
fractal dimension35 and matching that of the larger aggregates
generated by the DLCCA method. This is confirmed both geomet-
rically and optically by the convergence of pore size distribution
and scattering coefficient with the increasing ensemble radius (see
Fig. S4 of the supplementary material). The data that contain spa-
tial coordinates and radii of particles are publicly available for all
samples.36

Figure 4 shows (a) the pore size distribution f(dp) and (b) the
cumulative pore size distribution function (CDF) of sample 1 and of
a representative aerogel structure digitally generated using DLCCA
with polydisperse particles of radius rs = 4.3 ± 1 nm and parti-
cle volume fraction fv = 9.2%, i.e., porosity ϕ = 90.8% [Fig. 3(a)].
The pore size distribution f(dp) was calculated using the method
we previously developed.29 Figure 4 indicates that when the same
imposed porosity ϕ = 90.8% and fractal dimension D f = 2.4 was
used, the computer-generated structures using the DLCCA method
had a tight pore size distribution f(dp) similar to that of sample
1 and yielded a peak pore size of ∼25 nm. Similar results were
obtained for samples 2 and 3 and their digital twins (see Fig. S2 of
the supplementary material). Overall, these findings validate that the
digitally generated aerogels were representative of the synthesized
samples with a similar microstructure, including porosity, pore size
distribution, and fractal dimension reported in Table I. It should also
be noted that the predictions of light transfer through complex het-
erogeneous materials exhibiting anomalous diffusion such as Lévy
glasses37 using the R2T2 method have not been explored and fall
outside the scope of this study.

C. Comparison of the independent scattering
approximation and R2T2 methods

Figure 5 shows the normal–hemispherical transmittance Tnh,λ
of 1 mm-thick plane–parallel computer-generated aerogel mono-
liths consisting of aggregated monodisperse spherical particles of
radius rs = 5 nm, fractal dimension D f = 2.4, and porosity ϕ equal
to (a) 95%, (b) 90%, (c) 80%, and (d) 65% predicted by the R2T2

method. Figure 5 also shows the spectral transmittance Tnh,λ pre-
dicted for the case of a suspension of randomly distributed spherical
particles in vacuum with the same thickness, particle radius, and vol-
ume fraction as the aerogel slabs by solving the RTE (i) using the
independent scattering assumption or (ii) accounting for dependent
scattering using the R2T2 method.

Figure 5 indicates that the predictions accounting for depen-
dent scattering for randomly distributed particles agreed well with
those assuming independent scattering for large porosity ϕ = 95%.
Here, the particle volume fraction was small and dependent scat-
tering effects for randomly distributed particles were negligible.
However, the transmittance of aerogel slabs predicted by accounting
for the complex microstructure and dependent scattering was con-
siderably lower compared to those considering randomly distributed
particles with the same radius and particle volume fraction. This
can be attributed to the fact that particle aggregation creates large
structures in the form of chains of particles or secondary particles
with characteristic size greater than individual particle size, thereby
resulting in stronger scattering.

Notably, the transmittance of computer-generated aerogel slabs
predicted by the R2T2 method increased with decreasing poros-
ity ϕ, i.e., with increasing particle volume fraction fv. In fact, for
porosity ϕ = 65%, the predictions converged to those by the R2T2

method for randomly distributed particles for all wavelengths. This
can be attributed to the fact that the interparticle distance for either
aggregated or randomly distributed particles converged as the vol-
ume fraction of particles increased (see Fig. S1 of the supplementary
material).

Overall, Fig. 5 establishes that accurate predictions of the trans-
mittance Tnh,λ of aerogels should account not only for dependent
scattering but also for particle aggregation, particularly at large
porosities. In addition, assuming independent scattering was found
to significantly overpredict the transmittance at large porosities
(ϕ > 90%) and substantially underestimate it at small porosities
(ϕ < 80%) compared to those predicted by the R2T2 method account-
ing for both dependent scattering and the aerogel microstructure.
The results can be misinterpreted as increasing wavelength decreases
the discrepancy between methods, but this decrease is due to reduc-
ing optical thickness at those wavelengths as this study investigates
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FIG. 3. (a)–(d) Computational domains populated by 2000 polydisperse spherical particles simulated with the DLCCA method for (a) ϕ = 90.8%, rs ± σ = 4.3 ± 1.0 nm; (b)
ϕ = 76.4%, rs ± σ = 4.3 ± 1.0 nm; (c) ϕ = 47.6%, rs ± σ = 8.9 ± 2.5 nm; and (d) ϕ = 90.8%, rs = 4.3 nm. (e)–(h) Computational domains cropped from (a)–(d), respectively.
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FIG. 4. (a) Pore size distributions and (b)
cumulative distribution functions mea-
sured for sample 1 and computed for
its digital twin generated using DLCCA
with polydisperse particles of radius
rs ± σ = 4.3 ± 1 nm and porosity
ϕ = 90.8%.

FIG. 5. Comparison of the aerogel mono-
lith spectral normal–hemispherical trans-
mittance Tnh,λ with varying porosity ϕ
equal to (a) 95%, (b) 90%, (c) 80%,
and (d) 65% as a function of wave-
length λ numerically predicted by the
R2T2 method against the solutions of the
RTE assuming independent scattering or
accounting for dependent scattering by
the R2T2 method but considering for a
suspension consisting of randomly dis-
tributed particles. In all cases, L = 1 mm,
rs = 5 nm, ns,λ = 1.5, ks,λ = 0, nm,λ = 1,
and km,λ = 0.

haze and transmittance; however, Fig. S6 illustrates the log scale
spectral normal hemispherical reflectances, which better show
that the discrepancies between methods persist as the wavelength
increases.

D. Effect of particle polydispersity

Figure 6(a) shows the normal–hemispherical transmittance
Tnh,λ computed by the R2T2 method for computer-generated
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FIG. 6. Comparison of the spectral
(a) normal–hemispherical transmittance
Tnh,λ and (b) scattering coefficient σs,λ
predicted by the R2T2 method for
computer-generated aerogel monoliths
consisting of monodisperse (rs = 4.3 nm)
or polydisperse (rs ± σ = 4.3 ± 1.0 nm)
particles with L = 1.15 mm, ϕ = 90.8%,
and D f = 2.4, representative of sample
1. The scattering coefficient predicted by
Eq. (2) assuming Rayleigh scattering for
randomly distributed monodisperse par-
ticles of radius rs = 4.3 nm is also shown
for reference.

plane–parallel aerogel slabs representative of sample 1 with poros-
ity ϕ = 90.8%, fractal dimension D f = 2.4, and consisting of either
polydisperse particles of normal distribution with rs ± σ = 4.3
± 1.0 nm [Fig. 3(a)] or monodisperse particles with rs = 4.3 nm
[Fig. 3(d)]. Figure 6(b) shows the corresponding scattering coeffi-
cients σs,λ averaged over the N = 500 particle ensembles generated
in calculating Tnh,λ reported in Fig. 6(a). It also shows the scatter-
ing coefficient predicted by Eq. (2), assuming Rayleigh scattering
for randomly distributed monodisperse particles with the scattering
efficiency factor Qsca,λ = 8/3χs

4∣mλ
2 − 1∣2/∣mλ

2 + 1∣2. Figure 6 indi-
cates that particle polydispersity resulted in larger scattering and
smaller transmittance in the visible. Figure S3(a) shows that poly-
dispersity results in a larger pore size distribution compared to the
monodisperse case for the same porosity and average particle size.

Therefore, a narrow particle size distribution is more desirable to
minimize scattering and achieve transparent aerogel monoliths. In
addition, Fig. 6(b) shows that the stronger scattering at shorter wave-
lengths predicted by Rayleigh scattering prevailed in aerogels, as
commonly used to explain their blue tint. However, dependent scat-
tering in the complex fractal microstructure enhanced scattering by
nearly a factor of 1.5 compared with the predictions of Rayleigh
scattering for randomly distributed monodisperse particles.

E. Visible haze
Figure 7(a) shows the visible haze hvis of aerogels with a frac-

tal dimension Df = 2.4 computed by integrating over the visible
wavelength according to Eq. (7) using the spectral directional

FIG. 7. (a) Numerical predictions of visible haze hvis of 1-mm thick silica aerogel consisting of fractal aggregates of monodisperse particles as a function of particle radius
rs and volume fraction fv = 1 − ϕ. Corresponding visible haze hvis of 1-mm thick suspensions of randomly distributed monodisperse particles predicted by (b) the Monte
Carlo method assuming independent scattering and (c) the R2T2 method accounting for dependent scattering. In all cases, L = 1 mm, ns,λ = 1.5, ks,λ = 0, nm,λ = 1, and
km,λ = 0.38
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intensity Iλ,t(θt , φt) predicted by the R2T2 method as a function
of particle radius rs and volume fraction fv = 1 − ϕ accounting for
dependent scattering and for the complex aerogel microstructure.
Figure 7 also shows the visible haze of a suspension of monodis-
perse particles randomly distributed in air obtained by (b) solving
the RTE assuming independent scattering or (c) using the R2T2

method accounting for dependent scattering. Comparing Figs. 7(b)
and 7(c) establishes that dependent scattering occurred in particle
suspensions for all particle radii rs between 3 and 10 nm and vol-
ume fractions fv ≥ 5%. In fact, dependent scattering effects reduced
the scattering and haze of the suspension compared to that pre-
dicted assuming independent scattering, as previously discussed.26

Furthermore, comparing Figs. 7(a) and 7(c) establishes that the
aggregation of the particles in the aerogel significantly increased
haze. In other words, aerogel monoliths of fractally aggregated
particles were more hazy than colloidal suspensions of randomly
dispersed particles with the same thickness L, particle radius rs, and
porosity ϕ = 1 − fv. This can be attributed to the stronger scatter-
ing resulting from the aggregation of particles in secondary particles
of larger characteristic length in the aerogel structures compared to
particles of radius rs.

F. Dependent scattering and fractal aggregation

Figure 8 illustrates the experimentally measured spectral
normal–hemispherical transmittance Tnh,λ as a function of wave-
length λ ranging from 350 to 800 nm for the different silica aerogel
monoliths synthesized and detailed in Table I with porosity (a)
ϕ = 90.8% (sample 1), (b) ϕ = 76.4% (sample 2), and (d) ϕ = 47.6%
(sample 3). Figure 8 also illustrates the R2T2 method numerical pre-
dictions of spectral normal–hemispherical transmittance Tnh,λ for
the corresponding digital twins of samples 1–3 having the same
porosity ϕ, monolith thickness L, and fractal dimension D f = 2.4
consisting of polydisperse silica particles with average radius rs
and standard deviation σ such that rs ± σ was 4.3 ± 1.0 nm,
4.3 ± 1.0 nm, and 8.9 ± 2.5 nm, respectively. Good agreement was
obtained between the experimentally measured transmittance and
that predicted by the R2T2 method accounting for both the aerogel
microstructure and dependent scattering for all samples considered
across the spectral window. Figure 8(d) also shows very good agree-
ment between predictions and experimental measurements of the
haze of sample 1. Note that the experimental measurements of haze
for samples 2 and 3 were not reported due to a low signal-to-noise

FIG. 8. Comparison of the spectral
normal–hemispherical transmittance
Tnh,λ and spectral haze of aerogels
(a) and (d) sample 1, (b) sample 2,
and (c) sample 3 (Table I) measured
experimentally and predicted by the
R2T2 method for their respective digital
twins along with the solutions of the
RTE assuming independent scattering
and of the R2T2 method accounting for
dependent scattering but considering
randomly distributed particles.
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ratio due to extremely low aerogel haze (<2%). Minor deviations
between experimental measurements and numerical predictions by
the R2T2 method may stem from the specific step length statistics
applied in the Monte Carlo method, particularly near the aerogel
boundaries.39

Moreover, Figs. 8(a)–8(c) show the predictions of the trans-
mittance Tnh,λ assuming independent scattering or accounting for
dependent scattering but for a suspension of randomly dispersed
particles in air with the same particle size and volume fraction as
samples 1, 2, or 3. However, these predictions deviated significantly
from experimental measurements and numerical predictions by the
R2T2 method for the computer-generated aerogels, particularly as
the porosity increased. These results demonstrate that both depen-
dent scattering, including both far-field and near-field effects,40–42

and particles’ spatial arrangement play important roles in the inter-
action of aerogel slabs with electromagnetic waves. In fact, depen-
dent scattering in aerogel monoliths reduces their transmittance
at large porosities (ϕ ∼ 90%) but increases their transmittance at
smaller porosities.43 For larger porosities (sample 1), the differences
between experimentally measured and numerically predicted aero-
gel transmittance were attributed to the inability of the independent
scattering approximation to model scattering due to the secondary
particles formed by the aggregates. For lower porosities (samples 2
and 3), dependent scattering prevailed and the independent scat-
tering approximation failed to accurately predict the scattering
coefficient (see Fig. S7 of the supplementary material).26 Interest-
ingly, predictions accounting for dependent scattering in a suspen-
sion of randomly distributed particles showed very good agreement
with those accounting for particle aggregation as well as with the
experimental measurements for sample 3 with the lowest porosity
(ϕ = 47.6%). This was because at small porosities and large particle
volume fractions, the interparticle distance in randomly distributed
particles is similar to that in the aggregated particles of aerogels.
Figure S1 illustrates this convergence by plotting the mean mini-
mum interparticle distance as a function of particle volume fraction
fv. In other words, at sufficiently low porosities (i.e., high particle
volume fractions), particles can be treated as randomly distributed
and the aerogel’s fractal microstructure has little effect on its opti-
cal response. However, fractal microstructure must be accounted for
to obtain accurate predictions of aerogel transmittance, especially at
high porosities ϕ.

VI. CONCLUSION
This study established dependent scattering (near field and far

field) among particles, fractal aggregation of particles into aerogel
structures, and how their polydispersity plays essential roles in the
interaction of aerogel monoliths with electromagnetic waves in the
visible regime. Reducing porosity and ensuring a small (<4 nm)
and narrow particle size distribution can increase the transparency
of the aerogel slabs. This study also developed a novel power-
ful computational framework capable of (1) generating aerogel
microstructures as fractal aggregates of polydisperse particles with a
realistic microstructure resembling that of actual aerogel monoliths
and (2) simulating electromagnetic wave transport through a com-
plex heterogeneous microstructure much thicker than the radiation
wavelength. As a result, mesoporous slabs and other nanocomposite
materials no longer have to be treated as homogeneous with some

effective optical properties or radiation characteristics estimated
based on the independent scattering approximation. Instead, their
heterogeneous nature, complex microstructure, and far-field and
near-field interactions among particles can be rigorously accounted
for using the method reported in this study. These results can be
used to design photonic metamaterials to achieve desired optical
behavior.

SUPPLEMENTARY MATERIAL

The supplementary material provides the following figures
offering insights into the structural and optical behaviors of aero-
gel monoliths: Figure S1 compares the mean minimum interparticle
distance of aggregated and randomly dispersed nanoparticles. Figure
S2 compares the pore size distributions of aerogel monoliths with
different porosities (samples 1–3) measured experimentally and pre-
dicted numerically for the corresponding digital twins. The effect of
primary particle polydispersity on the pore size distribution is also
illustrated in Fig. S3. Figure S4 shows the scattering coefficient at
500 nm and the pore size distribution of an aerogel slab of poros-
ity ϕ = 90.8% and mean primary particle radius rs = 4.3 nm as
a function of cropped ensemble diameter De. They both converge
for cropped ensemble diameters De > 60 nm. Figure S5 shows the
predicted scattering coefficient at 500 nm for the 512 particle ensem-
bles generated. Figures S6 and S7 show the numerical predictions of
the spectral scattering coefficient and reflectance in the visible for
aerogel monolith with different porosities.
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