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This paper  extends  the  admittance  method  to predict  the  diurnal  energy  flux  reduction  Er associated  with
adding  microencapsulated  phase  change  materials  (PCMs)  to  single  and  multilayer  building  envelopes.
The  effects  of  phase  change  on  the thermal  load  through  composite  building  walls  were  accounted  for
by  modifying  the  decrement  factor  fAM and  time  lag �AM. The  procedure  was  demonstrated  for  single  and
multilayer  PCM-composite  walls subjected  to a constant  indoor  temperature  and  to (i)  a  sinusoidal  sol-
air outdoor  temperature,  (ii)  a non-sinusoidal  idealized  sol-air  temperature,  or (iii)  a  sol-air  temperature
dmittance method
ecrement factor
hase change materials

based on  weather  data  for three  different  days  in  California  climate  zone  9  (Los  Angeles,  CA).  In  all  cases,
the  analytical  results  for  the daily thermal  load  passing  through  PCM-composite  walls  agreed  very  well
with  those  predicted  using  detailed  finite  element  simulations.  The  computational  speed  and  simplicity
of this  procedure  can  enable  straightforward  evaluation  of the energy  benefits  of  PCM-composite  walls
via  user-friendly  design  tools  and platforms.

© 2017  Elsevier  B.V.  All  rights  reserved.
. Introduction

For over a decade, it has been proposed to construct building
nvelopes using Portland cement concrete embedded with phase
hange materials (PCMs). Such embedment has been suggested to
educe the energy demand [1,2] and cost [3–6] associated with
eating and cooling buildings. PCMs store and release thermal
nergy in the form of latent heat by reversibly changing phase
etween the liquid and solid states on a daily basis. As a result,
he thermal energy transmitted into and out of a building through
ts envelope is reduced and delayed [6]. Phase change materi-
ls are often encapsulated in a polymeric shell to enhance their
urability [7]. Significantly, full-scale demonstrations featuring
uilding envelopes containing micro or macroencapsulated PCM

ave been shown to exhibit smaller indoor temperature oscilla-
ions and to require less energy for cooling than their PCM-free
ounterparts in various climates [8,9]. Numerical simulations have

∗ Corresponding author at: Engineering IV, 420 Westwood Plaza, Los Angeles, CA
0095-1597, United States.

E-mail address: pilon@seas.ucla.edu (L. Pilon).

ttp://dx.doi.org/10.1016/j.enbuild.2017.03.046
378-7788/© 2017 Elsevier B.V. All rights reserved.
also demonstrated that the energy benefits of building envelopes
with microencapsulated PCM depend on factors such as the amount
and thermal properties of PCM [6], the design of the composite wall
[10], and the ambient climate conditions [6,11].

The Chartered Institute of Building Services Engineers (CIBSE)
recently highlighted the attractiveness of simple energy design
software for less experienced users running on tablets or smart
phones [12]. The CIBSE also noted that “the thermal admittance
method is particularly useful for those designers who are less expe-
rienced in building modeling, so that they can gain an understanding
of the sensitivity of proposed designs to variations in the basic ther-
mal properties of the construction” [12]. Material models for building
envelopes embedded with PCMs have been incorporated within
widely-used simulation software including EnergyPlus [13–15],
TRNSYS [16], and ESP-r [17]. However, such software was  designed
primarily for experienced researchers and engineers. On the other
hand, PCMExpress [18] was developed to enable users with limited
experience in thermal science and building modeling to evaluate

the energy and economic benefits of PCM-composite materials.
All of the above-mentioned software rely upon computationally
intensive finite element methods when considering materials with
temperature-dependent thermal properties such as PCM [13]. This

dx.doi.org/10.1016/j.enbuild.2017.03.046
http://www.sciencedirect.com/science/journal/03787788
http://www.elsevier.com/locate/enbuild
http://crossmark.crossref.org/dialog/?doi=10.1016/j.enbuild.2017.03.046&domain=pdf
mailto:pilon@seas.ucla.edu
dx.doi.org/10.1016/j.enbuild.2017.03.046
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Nomenclature

A, B parameters used in Eq. (A.3)
cp,j specific heat capacity of material “j” (J/(kg K))
f decrement factor
Er energy flux reduction (%)
h convective heat transfer coefficient (W/(m2 K))
hsf latent heat of fusion (kJ/kg)
kj thermal conductivity of material “j” (W/(m K))
Lj thickness of layer composed of material “j” (m)
LT total wall thickness (m)
mj mass of material “j” (kg)
mi,j ith element of layer j’s transmission matrix (Eq.

(A.7))
Mi ith element of the overall transmission matrix (Eq.

(A.5))
N parameter used to determine fS in Eq. (A.13)
q′′ heat flux (W/m2)
q′′

s solar radiation heat flux (W/m2)
t time (s or h)
T temperature (◦C)
T∞ outdoor temperature (◦C)
Tpc PCM phase change temperature (◦C)
Tsa sol-air temperature (Eq. (2)) (◦C)
T̄sa daily-averaged sol-air temperature (◦C)
T̄p daily-averaged temperature at the center of a wall

layer containing PCM (◦C)
U overall heat transfer coefficient (W/(m2 K))
xPCM distance between the inner wall surface and the cen-

ter of the PCM-layer (m)

Greek symbols
˛j thermal diffusivity of material “j” (m2/s)
˛s outer wall surface total hemispherical solar absorp-

tivity
�Tpc PCM phase change temperature window (◦C)
�Tn amplitude of temperature oscillation at a location

“n” (◦C)
� outer wall surface emissivity
�i time lag “i” where i = AM, MW, or S (h)
�j volume fraction of material “j”
� factor used in Eq. (23)
�j density of material “j” (kg/m3)
� Stefan–Boltzmann constant (W/(m2 K4))

Subscripts
AM admittance method
c core material (PCM)
c + s core–shell microcapsule
i initial
ins insulation
l liquid phase
L inner wall surface
MW Mackey and Wright
m matrix material
max, min maximum and minimum values
num numerical
o outer surface
p  PCM layer
pb plaster board
s solid phase, shell material

S surface
ldings 145 (2017) 238–250 239

could impede the implementation of such software using tablets
and smartphones. Alternatively, the home energy efficient design
(HEED) software was developed for users with limited engineering
expertise. Instead of finite element methods, HEED [19] employs
the admittance method [20] and the total equivalent temperature
difference/time-averaging (TETD-TA) method [21] to assess the
thermal load through building walls. However, the admittance and
TETD-TA methods were derived for wall materials with constant
thermal properties subjected to sinusoidal sol-air temperatures
[22,23]. Thus, they cannot be used for PCM-composite walls in their
present form.

The present study extends the admittance method to evalu-
ate the thermal load through microencapsulated PCM-composite
building walls. This novel procedure accurately accounts for the
effects of phase change on the thermal load through build-
ing envelopes containing PCM that are subjected to realistic
sol-air temperatures. The speed and simplicity of the method
enables straightforward evaluation of the energy benefits of PCM-
composite walls via user-friendly design tools and platforms. This
facilitates the process of specifying, implementing, and adopting
PCM-composite materials as building envelopes.

2. Background

2.1. Decrement factors and time lags

Analytical methods have been developed to relate the temper-
ature TL(t) [24] and heat flux q′′

L(t) [20] at the inner surface of a
building wall to a sinusoidal sol-air temperature Tsa(t) at the exte-
rior of the building. These methods have relied upon so-called
decrement factors and their associated time lags. In fact, there is
a family of decrement factors and time lags presented and used in
the literature, each with its own physical interpretation. Unfortu-
nately, the same terminology of “decrement factor” and “time lag”
has often been used without further clarification. As a result, it can
be challenging to discern which definition is being used. Appendix A
provides a review of the different approaches and clarifies the defi-
nitions of the associated decrement factor and time lag. In brief, the
decrement factor fMW, proposed by Mackey and Wright [24], rep-
resents the ratio of the amplitude of temperature oscillation at the
inner wall surface �TL to that of the outdoor sol-air temperature
�Tsa, i.e.,

fMW = �TL

�Tsa
= TL,max − TL,min

Tsa,max − Tsa,min
(1)

where the subscripts max and min designate maximum and min-
imum daily values of the associated parameter, respectively. The
sol-air temperature Tsa(t) accounts for the thermal effects of out-
door air temperature and incident solar radiation flux on the outer
surface of the building wall and is defined as [25],

Tsa(t) = T∞(t) + ˛sq′′
s (t)

ho
(2)

where ˛s and ho are respectively the total hemispherical solar
absorptivity and convective heat transfer coefficient at the outer
wall surface and q′′

s (t) is the solar radiation heat flux. The time
lag �MW associated with fMW represents the difference between
the time (in hours) when the inner wall surface and the sol-air
temperatures reached their respective maximum.

The decrement factor fAM proposed by Danter [20] corre-
sponds to the ratio of the periodic or cyclic thermal transmittance
�q′′

L(t)/�Tsa(t) to the steady-state thermal transmittance or overall

heat transfer coefficient U of a wall expressed as [26,22],

fAM = �q′′
L

U�Tsa
=

q′′
L,max − q′′

L,min

U(Tsa,max − Tsa,min)
. (3)
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ere �q′′
L is the amplitude of the daily oscillation in the inner wall

urface heat flux q′′
L(t). The associated time lag �AM represents the

ifference between the time (in hours) when the inner wall sur-
ace heat flux and the sol-air temperature reached their respective

aximum.
Finally, several studies have defined the decrement factor fS as

he ratio of the amplitudes of oscillation in temperature at the inner
TL and outer �To surfaces of a wall, expressed as [27–30],

S = �TL

�To
= TL,max − TL,min

To,max − To,min
. (4)

hey defined time lag �S as the difference between the time (in
ours) when the inner and outer wall surface temperatures reached
heir respective maximum. We  will refer to these parameters as the
urface decrement factor fS and surface time lag �S.

.2. Estimating thermal loads through building envelopes

Methods that estimate the thermal load through a building
nvelope include (i) the response factor, (ii) the total equivalent
emperature difference/time-averaging (TETD-TA), (iii) the transfer
unction (TF), (iv) the cooling load temperature difference (CLTD),
v) the heat balance (HB), (vi) the radiant time series (RTS), and (vii)
he admittance methods [21,23]. Both the admittance and TETD-
A methods rely upon decrement factors and time lags to estimate
he thermal load through a building envelope. Rees et al. [21] pro-
ided an in-depth discussion of these methods and summarized
he timeline of their development.

In brief, the admittance method was developed to predict the
ransient indoor air temperature of a room subjected to a sinusoidal
utdoor sol-air temperature Tsa(t) via analytical expressions [22].
t can account for heat conduction through the building envelope,
olar radiative heat flux incident on the inner wall surfaces through
indows, radiative exchange between indoor surfaces, and sensi-

le heat storage by the indoor air. Marletta et al. [22] extended the
dmittance method to predict the transient indoor air tempera-
ure of a room subjected to non-sinusoidal weather conditions by
ecomposing the outdoor sol-air temperature into a series of har-
onics using Fourier analysis. Then, the admittance method was

pplied to each harmonic.
Moreover, the total equivalent temperature difference TETD(t)

s defined as the difference between the constant indoor tem-
erature Tin and the outdoor sol-air temperature Tsa(t), i.e.,
ETD(t) = Tin − Tsa(t), such that [23],

′′
L(t) = U × TETD(t) = hi[TL(t) − Tin] (5)

here hi is the convective heat transfer coefficient at the inner
all surface. Mackey and Wright [24] related the inner wall sur-

ace temperature TL(t) to the sinusoidal sol-air temperature Tsa(t)
s,

L(t) = fMW [Tsa(t − �MW ) − T̄sa] + U

hi
T̄sa +

(
1 − U

hi

)
Tin (6)

here T̄sa is the daily-averaged sol-air temperature defined as,

¯sa = 1
P

∫ P

0

Tsa(t) dt (7)

ith P = 86400 s for the period of one day. Then, combining Eqs. (5)
nd (6), TETD(t) can be expressed as a function of fMW and �MW,

ETD(t) = hifMW

U
[Tsa(t − �MW ) − T̄sa] + T̄sa − Tin. (8)
ote that TETD(t) can also be written in terms of fAM [31]. Ruivo
t al. [23] compared TETD(t) predicted numerically and analytically
or several multilayer wall constructions subjected to a constant
ndoor temperature and to a realistic (i.e., non-sinusoidal) sol-air
ldings 145 (2017) 238–250

temperature. The authors illustrated that TETD(t) calculated using
Eq. (8) agreed fairly well with numerical predictions for wall con-
structions with small thermal mass but agreed poorly for walls with
large thermal mass. Finally, they decomposed the sol-air tempera-
ture Tsa(t) into a Fourier series with four harmonics and superposed
the TETD(t) determined for each harmonic. Using this approach, the
numerical and analytical predictions of TETD(t) agreed very well for
all wall constructions considered.

Overall, the TETD and admittance methods have been suc-
cessfully applied to complex wall constructions subjected to
realistic weather conditions [22,23]. However, previous studies
were considering construction materials with constant thermal
properties. The present study extends the admittance method
to materials with temperature-dependent properties, specifically
those embedded with microencapsulated PCM. The predictions
of this modified admittance method were compared with those
obtained from detailed numerical simulations based on finite ele-
ment method for single and multilayer walls subjected to either
sinusoidal or realistic sol-air outdoor temperatures.

3. Analysis

3.1. Schematic and model assumptions

Two wall configurations were considered, namely (i) a single-
layer concrete slab of thickness Lc = 10 cm and (ii) a standard
three-layer wall consisting of plaster board of thickness Lpb = 1.6 cm
as the inner-most layer, wood wool insulation of thickness
Lins = 5 cm,  and concrete wall of thickness Lc = 15 cm as the outer-
most layer [26]. Figs. 1a and b illustrate the single and multilayer
wall configurations, respectively, along with the coordinate system
used in this study. The wall was subjected to convection to indoor
air at constant temperature Tin with heat transfer coefficient hi at
the inner wall surface and to an outdoor air temperature T∞(t) with
heat transfer coefficient ho at the outer wall surface. The wall was
also subjected to a solar radiation flux q′′

s (t) at the outer wall surface.
To make the problem mathematically tractable, the following

assumptions were made: (1) one-dimensional (1D) transient heat
transfer prevailed in the direction perpendicular to the wall surface,
(2) each wall material had isotropic and constant thermal proper-
ties except for the temperature-dependent effective specific heat,
(3) the specific heat of the PCM was the same for the solid and liq-
uid phases, and (4) contact resistances between wall layers were
negligible.

3.2. Governing equations for numerical model

Under the above assumptions, the local wall temperature Tj(x,t)
within layer j at any time t and location x was governed by the 1D
transient heat conduction equation given by [32],

1
˛j

∂Tj

∂t
= ∂2

Tj

∂x2
(9)

where ˛j = kj/(�cp)j is the thermal diffusivity and kj, �j, and cp,j
are the thermal conductivity, density, and specific heat capac-
ity of layer j, respectively. For cases when a layer j contained
microencapsulated PCM, the effective thermal conductivity keff of
the three-component composite was given by the Felske model
expressed as [33],
keff =
2km(1 − �c − �s) 3 + 2

�c
+

�c ks
+ (1 + 2�c + 2�s) 3 +

�c
kc + 2

�c

(2 + �c + �s)
(

3 + 2 �s
�c

+ �skc
�c ks

)
+ (1 − �c − �s)

[(
3 + �s

�c

)
kc
km

+ 2 �sks
�c km

]
(10)
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Fig. 1. Schematic of (a) a single layer wall consisting of a concrete layer of thickness
Lc and (b) a multilayer wall consisting of a concrete layer of thickness Lc , an insula-
tion layer of thickness Lins , and a plaster board layer of thickness Lpb . Each wall was
subjected to convection to a constant indoor temperature Tin at the inside surface
(x  = LT) and to both convection to an outdoor air temperature T∞(t) and solar radi-
a
i
q

w
a
t
a
s
[
[

(

w
t
t
c
s
o
d
o

c

H
h
p

tion flux q′′
L
(t) at the outside surface (x = 0 m).  Predicting the temperatures at the

nner TL(t) and outer To(t) surfaces and the heat fluxes at the inner q′′
L
(t) and outer

′′
o(t) surfaces is the focus of this study.

here kc, ks, and km are the thermal conductivities of the core, shell,
nd matrix, while �c and �s are the core and shell volume frac-
ions, respectively. The Felske model has been shown to accurately
ccount for the effects of the thermal conductivities of both core,
hell, and matrix materials on the effective thermal conductivity
7]. The effective volumetric heat capacity (�cp)eff (T) was given by
6],

�cp)eff (T) = �c(�cp)c(T) + �s(�cp)s + (1 − �c − �s)(�cp)m (11)

here (�cp)c(T), (�cp)s, and (�cp)m are the volumetric heat capaci-
ies of the core, shell, and matrix materials, respectively. According
o the heat capacity method for simulating phase change, the spe-
ific heat capacity of the PCM core cp,c(T) can be defined as a
tep function in terms of temperature with a rectangular peak
f (i) width �Tpc centered around the phase change temperature
enoted by Tpc and (ii) enclosed area equal to the PCM latent heat
f fusion hsf such that [6],

p,c(T) =

⎧⎪⎪⎨
⎪⎪⎩

cp,c,s for T < Tpc − �Tpc/2,

cp,c,s + hsf

�Tpc
for Tpc − �Tpc/2 ≤ T ≤ Tpc + �Tpc/2,

cp,c,l for T > Tpc + �Tpc/2.

(12)

ere, cp,c,s and cp,c,l are the specific heat of solid and liquid PCM,
sf is the PCM latent heat of fusion, while Tpc and �Tpc are the
hase change temperature and temperature window, respectively.
ldings 145 (2017) 238–250 241

As previously mentioned, the specific heat of solid PCM cp,c,s was
assumed to be equivalent to that of liquid PCM cp,c,l (Assump-
tion 3). The heat capacity method for simulating phase change
has previously been validated against the exact solution for the
one-dimensional Stefan problem [6]. We  also showed that the
time-dependent thermal behavior of core–shell-matrix composite
materials can be accurately predicted by an equivalent homoge-
neous material with effective thermal properties given by Eqs.
(10)–(12) [6].

3.3. Initial and boundary conditions

The initial temperature was assumed to be uniform throughout
the material and equal to Ti, i.e.,

T(x, 0) = Ti. (13)

In the case of a multilayer wall, the temperature and heat flux
were continuous at the concrete-insulation (x = Lc) and insulation-
plaster board (x = Lc + Lins) interfaces (Assumption 4), i.e.,

−kc
∂Tc

∂x
(Lc, t) = −kins

∂Tins

∂x
(Lc, t) and − kins

∂Tins

∂x
(Lc + Lins, t)

= −kpb
∂Tpb

∂x
(Lc + Lins, t). (14)

Convective heat transfer to a constant indoor temperature Tin
was imposed at the interior wall surface (x = LT), i.e.,

−kj
∂Tj

∂x
(LT , t) = hi[Tj(LT , t) − Tin] (15)

where hi is the mixed convective heat transfer coefficient account-
ing for both forced and natural convections and LT is the total wall
thickness (i.e., LT = Lc or Lc + Lpb + Lins). Convective heat transfer to a
sol-air temperature Tsa(t) was  imposed at the exterior wall surface
(x = 0) such that,

−kj
∂Tj

∂x
(0, t) = ho[Tsa (t) − Tj (0, t)] (16)

where ho is the outdoor convective heat transfer coefficient.
In a first case, the outer wall surface was  subjected to a sinusoidal

outdoor temperature such that Tsa(t) = T∞(t), where the outdoor air
temperature T∞(t) was  imposed as a sinusoidal function of time t
(in s) given by,

T∞(t) =
(

T∞,max − T∞,min

2

)
sin

(
	t

43200
− 2	

3

)

+
(

T∞,max + T∞,min

2

)
. (17)

Here, T∞,min and T∞,max are the minimum and maximum outdoor
air temperatures during a day, respectively. A phase shift of 2	/3
placed the peak outdoor temperature T∞,max at 2:00 pm, as the
daily maximum occurred between 1:00 pm and 3:00 pm for more
than 80% of the year in California climate zone 9 (Los Angeles, CA),
according to weather data [34]. When considering a sinusoidal out-
door temperature T∞(t), the amplitude of temperature oscillation
(T∞,max − T∞,min)/2 was  arbitrarily taken to be 7 ◦C and the daily-
averaged outdoor temperature T̄∞ was  varied between 10 and 30 ◦C

in 5 ◦C increments.

Second, a so-called idealized sol-air temperature was prescribed
based on Eq. (2) using the sinusoidal outdoor air temperature T∞(t)
given by Eq. (17) and a solar radiation flux q′′

s (t) expressed as a



242 A.M. Thiele et al. / Energy and Bui

0 6 12 18 24
0

10

20

30

40
 January 1st
 Jun e 12th
 September 24th

Time, t (h)

So
l-

ai
r 

te
m

pe
ra

tu
re

, T
sa

(t
) 

(o C
)

(a) 

(b) 

0 6 12 18 24
-5

0

5

10

15

20

25

30
 1st harmonic
 2nd  ha rmon ic
 3rd  harmon ic
 Sum
 Actual

Time, t (h)

So
l-

ai
r 

te
m

pe
ra

tu
re

, T
sa

(t
) 

(o C
)

Fig. 2. (a) Idealized sol-air temperature Tsa as a function of time (Eqs. (2), (17),
and (18)) along with its approximation as the sum of the first three harmonics of a
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ourier series and (b) sol-air temperature Tsa as a function of time on January 1st,
une 12th, and September 24th based on weather data for California climate zone 9
Los  Angeles, CA) and used as boundary conditions.

unction of time t (in s) as,

′′
s (t) =

⎧⎨
⎩

q′′
s,max cos

(
	t

43200
− 	

)
for 6:00 am ≤ t ≤ 6:00 pm

0 for 6:00 pm < t < 6:00 am
(18)

here q′′
s,max is the maximum daily solar radiation heat flux (in

/m2) observed at 12:00 pm and taken as 535 W/m2, correspond-
ng to their average value throughout the year in California climate
one 9 [34]. Fig. 2a plots the idealized sol-air temperature Tsa(t) as a
unction of time given by Eq. (2) where T∞(t) and q′′

s (t) were respec-
ively defined by Eqs. (17) and (18). Here also, (T∞,max − T∞,min)/2
as taken to be 7 ◦C and T̄∞ was varied between 10 and 30 ◦C in
◦C increments.

Finally, Fig. 2b plots the realistic sol-air temperature Tsa(t)
mposed as a function of time t based on weather data correspond-
ng to January 1st, June 12th, and September 24th for a South-facing
ertical wall in California climate zone 9 (Los Angeles, CA) [34].

.4. Accounting for phase change in the admittance method
The decrement factors fMW, fAM, and fS and their associated time
ags defined in Section 2.1 are based on the assumption that the

all specific heat capacity cp is constant. In order to account for
ldings 145 (2017) 238–250

phase change in a microencapsulated PCM-composite wall using
the admittance method, we seek to define a constant modified spe-
cific heat c′

p,c for the PCM. First, the daily-averaged temperature at
the PCM-composite layer’s center T̄p was approximated as a linear
interpolation of the daily-averaged temperatures at the inner T̄L

and outer T̄o wall surfaces, i.e.,

T̄p = xPCM

LT
T̄L +

(
1 − xPCM

LT

)
T̄o (19)

where xPCM is the distance from the outer wall surface at x = 0 m to
the center of the PCM-composite layer. Such a temperature profile
would prevail under steady-state conditions. According to New-
ton’s law of cooling, T̄L and T̄o can be expressed in terms of the
daily-averaged wall heat flux q̄′′

w = U(T̄sa − Tin) between the indoor
Tin and the daily-averaged sol-air T̄sa temperatures as [32],

T̄L = Tin + q̄′′
w

hi
and T̄o = T̄sa − q̄′′

w

ho
. (20)

Similarly, the amplitude of the daily temperature oscillation at
the center of the PCM-composite layer �Tp was  approximated as
a linear interpolation of the amplitudes of temperature oscillation
at the inner �TL and outer �To wall surfaces expressed as,

�Tp = xPCM

LT
�TL +

(
1 − xPCM

LT

)
�To. (21)

The amplitudes of the inner and outer wall surface temperature
oscillations �TL and �To can be expressed simply in terms of the
decrement factors fMW and fS based on Eqs. (1) and (4).

Assuming that the temperature across the PCM-composite layer
is uniform and equal to the center temperature T̄p(t), the average
and amplitude of temperature oscillation throughout the entire
PCM-composite layer are equal to T̄p and �Tp, respectively. Such
a simplifying assumption could be justified by the fact that T̄p and
�Tp both overestimate and underestimate the values of the aver-
age and amplitude of temperature oscillation within each half of
the PCM-composite layer. Then, we define the modified PCM spe-
cific heat c′

p,c based on the energy stored in the composite wall over
the temperature range T̄p ± �Tp/2 as,

[mmcp,m + mscp,s + mcc′
p,c] �Tp

=
∫ T̄p+ �Tp

2

T̄p− �Tp
2

[mmcp,m + mscp,s + mccp,c(T)] dT. (22)

Simplifying the terms appearing on both sides of Eq. (22) and substi-
tuting the expression of cp,c(T) given by Eq. (12) yields the following
expression for c′

p,c ,

c′
p,c = cp,c,s + �

hsf

�Tp
(23)

where the coefficient � is expressed as,

� =
Min

(
Tpc + �Tpc

2 , T̄p + �Tp
2

)
− Max

(
Tpc − �Tpc

2 , T̄p − �Tp
2

)
�Tpc

.

(24)

Here, the coefficient � represents the fraction of the phase change
temperature window Tpc ± �Tpc/2 covered by the temperature
oscillations at the center of the PCM composite layer T̄p ± �Tp/2.
Note that if the phase change temperature window and range of
temperature oscillations at the center of the PCM composite layer
do not overlap, Eq. (24) does not apply and � is 0.

Fig. 3 illustrates the six possible scenarios that govern the math-

ematical definition of � . It plots the wall center temperature T̄p(t)
as a function of time for an arbitrary diurnal cycle along with
the phase change temperature window �Tpc. When the range of
diurnal wall temperature oscillation T̄p ± �Tp/2 encompasses the
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ig. 3. Summary of the six possible scenarios of wall temperature variation relative t
f  � .

ntire phase change temperature range Tpc ± �Tpc/2, all of the PCM
ithin the PCM-composite layer undergoes phase change and � = 1.
y contrast, if the amplitude of diurnal wall temperature oscilla-
ion T̄p ± �Tp/2 does not overlap with the phase change region
pc ± �Tpc/2, none of the PCM within the wall undergoes phase
hange and � = 0. Then, the modified PCM specific heat capacity
′
p,c is equivalent to that of solid or liquid PCM, i.e., c′

p,c = cp,c,s.
In practice, adding microencapsulated PCM to a wall has been

hown to decrease the amplitude of temperature oscillation within
he wall [6]. For this reason, determining the coefficient � for a wall
emperature profile without PCM would result in an overestimate.
hus, an iterative procedure was used to converge upon a value of
he coefficient � consistent with the approximated temperature
scillation within the PCM composite wall. The procedure was

s follows: first, �Tp and � were determined by applying the
dmittance method to a wall without PCM, i.e., �c+s = 0. Then, the
odified PCM specific heat c′

p,c and the effective volumetric heat
apacity (�cp)eff of the PCM-composite layer with the desired
phase change temperature window and the corresponding mathematical definition

microencapsulated PCM volume fraction �c+s were determined.
The admittance method was used again with effective thermal
properties to determine new values of both �Tp and � . This
procedure was  repeated until the value of both �Tp and � fell
within 1% of those of the previous iteration. For all volume fractions
considered, this was achieved in three iterations or less.

3.5. Constitutive relationships

Table 1 summarizes the density, thermal conductivity, and spe-
cific heat of the materials considered in this study. Wall materials
included concrete [32], wood wool insulation [26], and plaster
board [26]. The microencapsulated PCM consisted of the commer-
cial organic PCM PureTemp 20 by Entropy Solution Inc. (Plymouth,

MN)  [35] encapsulated in high density polyethylene (HDPE) [36].
Each microcapsule was assumed to consist of 85% PCM and 15%
shell material by mass [37]. Since the PCM and shell had similar
densities, their volume fractions were given by �c = 0.85�c+s and
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Table  1
Density �, specific heat capacity cp , and thermal conductivity k of PCM, high density
polyethylene (HDPE), concrete, insulation, and plaster board.

Material Subscript � (kg/m3) cp (J/(kg K)) k (W/(m K)) Ref.

PCM c 860 2590 0.21 [35]
HDPE s 930 2250 0.49 [36]
Concrete m 2330 880 1.4 [32]
Insulation ins 500 1000 0.1 [26]
Plaster board pb 1320 1000 0.5 [26]

Table 2
Average sol-air temperature T̄sa (Eq. (7)) and the coefficients an and bn (Eq. (26))
that describe the Fourier series decomposition (m = 4) of the idealized sol-air tem-
perature and that of California climate zone 9 (Los Angeles, CA) on January 1st, June
12th, and September 24th.

Day T̄sa (◦C) a1 (◦C) b1 (◦C) a2 (◦C) b2 (◦C)

Idealized T̄∞ + 1.8 −8.85 −3.5 1.18 0.0

�
t
c
p
o
b
t
t
[
r
I
˛
o

3

(
p
f
n
T
m

T

w

a

I
i
m
t
a
l

(
F
f
l
r
d

January 1st 18.07 −11.14 −5.16 5.29 2.46
June 12th 19.25 −5.27 −2.13 1.91 1.44
September 24th 29.73 −10.46 −6.72 3.65 0.0

s = 0.15�c+s, respectively, where �c+s = �c + �s is the volume frac-
ion of microencapsulated PCM in the PCM-composite. The phase
hange temperature Tpc was taken to be equal to the indoor tem-
erature Tin of 20 ◦C in order to maximize the reduction and delay
f the thermal load through the PCM-composite wall, as suggested
y recent numerical simulations [6,38]. The phase change tempera-
ure window �Tpc and the PCM latent heat of fusion hsf were taken
o be 8 ◦C and 180 kJ/kg, respectively characteristic of PureTemp 20
35]. The indoor hi and outdoor ho heat transfer coefficients were
espectively taken to be 7.7 and 25 W/(m2 K), in accordance with
SO standard 6946 [39]. The total hemispherical solar absorptivity
s of the outer wall surface was taken as 0.26, corresponding to that
f white paint [32].

.6. Data processing

As previously mentioned, the admittance method (Eqs.
A.5)–(A.9)) applies to walls exposed to sinusoidal outdoor tem-
erature conditions. In order to determine the decrement factors

MW, fAM, and fs and their associated time lags for walls exposed to
on-sinusoidal conditions, the non-sinusoidal sol-air temperature
sa(t) was decomposed into a Fourier series with an even number

 of harmonics expressed as [23],

sa(t) = T̄sa +
m/2∑
n=1

[an cos(nωt) + bn sin(nωt)] (25)

here the coefficients an and bn are defined as,

n = 2
P

∫ P

0

Tsa(t) cos(nωt) dt and bn = 2
P

∫ P

0

Tsa(t) sin(nωt) dt.

(26)

n the present study, the sol-air temperature Tsa(t) was decomposed
nto up to m = 4 harmonics. For example, Fig. 2a shows three har-

onics of the Fourier series decomposition of the idealized sol-air
emperature Tsa(t) given by Eqs. (2), (17), and (18). The average rel-
tive error between Tsa(t) and its Fourier series decomposition was
ess than 1%.

Table 2 shows the daily-averaged sol-air temperature T̄sa (Eq.
7)) and the coefficients an and bn (Eq. (26)) of the corresponding
ourier series decomposition of the sol-air temperature (Eq. (25))

or the idealized case and for California climate zone 9 (Los Ange-
es, CA) on January 1st, June 12th, and September 24th. The average
elative error between the actual sol-air temperature Tsa(t) and pre-
ictions by its Fourier series decomposition was less than 6% for all
ldings 145 (2017) 238–250

three days considered. Then, the admittance method decrement
factor fAM,n and time lag �AM,n were determined for a given com-
posite wall configuration subjected to the nth sol-air temperature
harmonic using Eqs. (A.5)–(A.9) (Appendix A) and the methodology
described in Section 3.4. The corresponding inner wall surface heat
flux q′′

L(t) was  also determined by superposition according to,

q′′
L(t)
U

= T̄sa − Tin +
m/2∑
n=1

[
fAM,2n−1an cos

(
2n	

P
(t − �AM,2n−1)

)

+ fAM,2nbn sin
(

2n	

P
(t − �AM,2n)

)]
(27)

where fAM,m and �AM,m respectively represent the decrement factor
and time lag corresponding to the harmonic m.

Alternatively, the decrement factor fAM and time lag �AM for a
given wall configuration were determined directly from the numer-
ical predictions of the local wall temperature T(x, t) obtained by
solving Eqs. (9)–(16). Then, the conductive heat flux at the inner
wall surface q′′

L(t) was determined based on Fourier’s law, i.e.,

q′′
L(t) = −kj

∂Tj

∂x
(LT , t). (28)

Finally, the diurnal energy flux reduction Er was  defined as
the relative difference between the daily energy fluxes (in J/m2)
through the wall without Q ′′

L,m and with Q ′′
L microencapsulated PCM

expressed as,

Er =
Q ′′

L,m − Q ′′
L

Q ′′
L,m

(29)

where the daily energy fluxes Q ′′
L,m and Q ′′

L were respectively
expressed as,

Q ′′
L,m =

∫ 24 h

0

|q′′
L,m(t)| dt and Q ′′

L =
∫ 24 h

0

|q′′
L(t)| dt. (30)

The absolute values of the heat fluxes q′′
L,m(t) and q′′

L(t) were consid-
ered to account for the fact that there is an energy cost associated
with maintaining the indoor temperature at Tin regardless of the
direction of the heat flux across the wall. The energy flux reduc-
tion Er describes the reduction in the daily thermal energy added
or removed through a unit surface area of wall achieved by adding
microencapsulated PCM.

3.7. Method of solution

The governing Eqs. (9)–(12) along with the boundary and initial
conditions given by Eqs. (13)–(16) were solved using the com-
mercial finite element solver COMSOL Multiphysics 4.4. Numerical
simulations were performed for a period of up to five days and the
heat flux predictions for the final day were considered. By then, the
diurnal heat flux through the wall had reached a periodic steady-
state and the maximum relative difference in the inner wall heat
flux was less than 1% when extending the simulation period by one
day. Numerical convergence was  considered to be reached when
the maximum relative difference in the inner wall surface heat flux
q′′

L(t) was less than 1% when reducing the mesh size and time step

by a factor of 2. In practice, converged solutions were obtained by
imposing a time step of 300 s. The minimum mesh element edge
size and maximum growth rate for converged solutions were 2 mm
and 1.2, respectively.
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Fig. 6 plots the diurnal energy flux reduction Er as a function
ethod (AM) for a composite wall subjected to a sinusoidal outdoor temperature
∞(t) with an average value T̄∞ ranging from 10 to 30 ◦C.

. Results and discussion

.1. Sinusoidal outdoor temperature

Let us first consider the case of a single-layer concrete wall con-
aining microencapsulated PCM subjected to a sinusoidal outdoor
emperature Tsa(t) = T∞(t) given by Eq. (17) with amplitude of 14 ◦C
nd a daily-averaged value T̄∞ ranging from 10 to 30 ◦C in 5 ◦C
ncrements. Figs. 4a and b plot the decrement factor fAM and the
ime lag �AM, respectively, as functions of microencapsulated PCM
olume fraction �c+s ranging from 0 to 0.3 predicted numerically
nd using the modified admittance method. Fig. 4a shows that the
ecrement factor fAM decreased with increasing microencapsulated
CM volume fraction �c+s for all outdoor temperature conditions
onsidered. Adding microencapsulated PCM had the most dramatic
ffect when the average outdoor temperature T̄∞ was equal to the
esired indoor temperature Tin of 20 ◦C. In addition, the decrement
actor fAM was identical between cases where the daily-averaged
utdoor temperature T̄∞ was 10 ◦C and 30 ◦C as well as when it
as 15 ◦C and 25 ◦C. This can be attributed to the fact that the out-
oor temperature T∞(t) was a sinusoidal function of time and Tin

as set at 20 ◦C so that the same fraction of PCM changed phase

n both cases. Finally, the decrement factor fAM predicted using the
odified admittance method agreed with numerical predictions
ldings 145 (2017) 238–250 245

within 2% for all outdoor temperature conditions and PCM volume
fractions considered.

Fig. 4b indicates that the time lag �AM increased with increas-
ing microencapsulated PCM volume fraction �c+s for all outdoor
temperature conditions. Here also, adding microencapsulated PCM
had the largest effect on the predicted time lag �AM when the
daily-averaged outdoor temperature T̄∞ was equal to the indoor
temperature Tin of 20 ◦C. The numerically predicted time lag �AM
was larger when the daily-averaged outdoor temperature T̄∞ was
below the indoor temperature Tin than when it was  above Tin. By
contrast, �AM predicted using the modified admittance method was
identical when T̄∞ was 10 ◦C and 30 ◦C as well as when it was 15 ◦C
and 25 ◦C. Despite this discrepancy, the time lag �AM predicted
numerically and using the modified admittance method fell within
1 h of each other for all temperature conditions and PCM volume
fractions considered.

4.2. Idealized sol-air temperature

This section considers a microencapsulated PCM-concrete com-
posite wall subjected not only to the same set of sinusoidal outdoor
temperature T∞(t) conditions as in Section 4.1 but also to an ide-
alized solar radiation flux q′′

s (t) described by Eq. (18). The resulting
idealized sol-air temperature Tsa(t) was decomposed into a Fourier
series with four harmonics (Table 2), as previously discussed and
illustrated in Fig. 2a, in order to assess the thermal response of the
wall using the admittance method.

Figs. 5a–c plot the inner wall surface heat flux q′′
L(t) as a function

of time predicted numerically or by using the modified admittance
method for a concrete wall containing 0, 15, and 30 vol.% microen-
capsulated PCM for T̄∞ equal to 10, 20, and 30 ◦C, respectively. In all
cases, adding microencapsulated PCM decreased the amplitude of
oscillation of the inner wall heat flux q′′

L(t). Here also, adding PCM
had the largest effect on q′′

L(t) when the average outdoor temper-
ature T̄∞ was equal to the indoor temperature Tin = 20 ◦C. Fig. 5b
indicates that q′′

L(t) predicted numerically and using the modified
admittance method once again agreed well when the outdoor tem-
perature T∞(t) was  centered around Tin. On the other hand, Figs. 5a
and c show that the inner wall surface heat flux q′′

L(t) predicted
by the modified admittance method deviated from the numerical
predictions in hot and cold climates.

Moreover, Figs. 5a and c show that the addition of microen-
capsulated PCM shifted the peak and trough of the numerically
predicted inner wall surface heat flux q′′

L(t) to later times when
T̄∞ was 10 ◦C and 30 ◦C, respectively. This can be attributed to the
fact that the numerically predicted temperature within the wall fell
within the phase change region Tpc ± �Tpc during the second and
first half of the diurnal cycle in Figs. 5a and c, respectively. By con-
trast, Fig. 5b shows that adding microencapsulated PCM delayed
the inner wall surface heat flux q′′

L(t) nearly evenly throughout
the entire day. This was because the temperature within the wall
fell within the phase change region for most of the day. In other
words, cp,c(T) was nearly constant, according to Eq. (12). Similarly,
the modified admittance method predicted that the inner wall sur-
face heat flux was time-shifted uniformly throughout the day for
all cases. This was  due to the fact that the modified specific heat
of the PCM c′

p,c was  constant. Thus, the inner wall surface heat flux
q′′

L(t) predicted using the modified admittance method agreed most
closely with numerical predictions when the outdoor temperature
was such that the wall temperature was  within the phase change
region for most of the day.
of microencapsulated PCM volume fraction �c+s ranging from 0
to 0.3 predicted numerically and using the modified admittance
method for the same set of idealized sol-air temperature conditions
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Fig. 5. Inner wall surface heat flux q′′
L
(t) as a function of time predicted numerically

(Num) and by the proposed modified admittance method (AM) for a wall containing
up  to 30 vol.% PCM and subjected to an idealized sol-air temperature Tsa(t) with an
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Fig. 6. Energy flux reduction Er as a function of PCM volume fraction �c+s predicted
numerically (Num) and using the modified admittance method (AM) for a wall sub-

of time predicted numerically and using the modified admit-
verage air temperature T̄∞ of (a) 10 ◦C, (b) 20 ◦C, and (c) 30 ◦C.

onsidered in Fig. 5. For all cases considered, Er increased with
ncreasing microencapsulated PCM volume fraction �c+s. Here
lso, adding microencapsulated PCM had the largest impact on
r when the daily-averaged outdoor temperature T̄∞(t) was equal
o the indoor temperature Tin = 20 ◦C. The energy flux reduction
r predicted using the modified admittance method agreed with
umerical predictions within a relative error of 5%, despite signifi-
ant disagreement in the inner wall surface heat flux q′′

L(t) (Fig. 5).
his suggests that the energy flux reduction Er was not significantly
ffected by the time lag �AM. Thus, the proposed modified admit-

ance method may  be used to accurately predict the diurnal energy
ux reduction Er associated with adding microencapsulated PCM
o building walls subjected to idealized sol-air temperature Tsa(t).
jected to an idealized sol-air temperature Tsa(t) (Eqs. (2), (17), and (18)) with an
average air temperature T̄∞ ranging from 10 to 30 ◦C.

4.3. Realistic sol-air temperature

4.3.1. Single-layer wall
Fig. 7 plots the inner wall surface heat flux q′′

L(t) as a function
of time predicted numerically and using the modified admittance
method for a concrete wall containing 0, 15, and 30 vol.% microen-
capsulated PCM and subjected to a realistic sol-air temperature
for (a) January 1st, (b) September 24th, and (c) June 12th, respec-
tively. Figs. 7a and c show that the inner wall surface heat flux q′′

L(t)
predicted numerically and using the modified admittance method
agreed very well throughout most of the day for both January 1st
and June 12th for all PCM volume fractions. This can be attributed to
the fact that, in both cases, the sol-air temperature Tsa(t) was cen-
tered near the phase change temperature Tpc = 20 ◦C. By contrast,
Fig. 7b shows that the inner wall surface heat flux q′′

L(t) predicted
numerically and using the admittance method agreed very poorly
for September 24th when PCM was embedded in the wall, i.e.,
�c+s = 0.15 or 0.3. In these cases, the sol-air temperature Tsa(t) only
coincided with the phase change temperature window Tpc ± �Tpc/2
during a short period of the diurnal cycle.

Fig. 8 plots the diurnal energy flux reduction Er as a function of
microencapsulated PCM volume fraction �c+s ranging from 0 to 0.3
predicted numerically and using the modified admittance method
for the same set of realistic sol-air temperature conditions consid-
ered in Fig. 7 and plotted in Fig. 2. The diurnal energy flux reduction
Er increased with increasing microencapsulated PCM volume frac-
tion �c+s. It was slightly larger on June 12th than on January 1st.
This can be attributed to the fact that the sol-air temperature Tsa(t)
had a smaller amplitude of oscillation on June 12th [6]. Predictions
of Er using the admittance method agreed within an average rela-
tive error of 6% with those based on numerical simulations. Thus,
despite the complexity of actual sol-air temperature data, the pro-
posed modified admittance method was  able to accurately predict
the diurnal energy flux reduction resulting from the PCM embedded
in a single-layer wall.

4.3.2. Multilayer wall
Fig. 9 plots the inner wall surface heat flux q′′

L(t) as a function
tance method for a multilayer wall containing 0, 15, and 30 vol.%
microencapsulated PCM embedded within either (a) the concrete
or (b) the plaster layer, respectively. The wall was  subjected to a
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(t) as a function of time predicted numerically
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Fig. 9. Inner wall surface heat flux q′′
L
(t) as a function of time predicted numerically

(Num) and using the modified admittance method (AM) for a multilayer wall con-
taining up to 30 vol.% PCM within (a) the concrete (outside) layer or (b) the plaster
a)  January 1st, (b) September 24th, and (c) June 12th in California climate zone 9
Los  Angeles, CA).

ealistic sol-air temperature representative of June 12th. The inner
all surface heat flux q′′

L(t) was reduced and delayed substantially
ore when PCM was added to the concrete layer than to the

laster layer. This can be attributed, in part, to the fact that the
CM-concrete configuration (Fig. 9a) contained a much larger vol-
me  of PCM, for a given volume fraction �c+s, than the PCM-plaster
onfiguration (Fig. 9b), due to the thicker concrete layer, i.e., Lc > Lpb.

igs. 9a and b demonstrate very close agreement between the
nner wall surface heat flux q′′

L(t) predicted numerically and by the
dmittance method, regardless of which layer contained the PCM.
(inside) layer and subjected to a realistic sol-air temperature Tsa(t) representative
of  June 12th in California climate zone 9 (Los Angeles, CA).

Fig. 10 plots the corresponding diurnal energy flux reduction Er
as a function of microencapsulated PCM volume fraction �c+s ran-
ging from 0 to 0.3 predicted numerically and using the admittance
method for the same multilayer wall configurations considered in
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Fig. 10. Energy flux reduction Er as a function of PCM volume fraction �c+s predicted
numerically (Num) and using the modified admittance method (AM) for a multilayer
w
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m1 = cosh �, m2 = L

k�
sinh �, and m3 = k�

L
sinh �. (A.6)

Here, � = P + iP, where P = (	L2/3600tp˛)
0.5

and tp is the period of
the sinusoidal sol-air temperature (in hours). Note that this formu-
all  containing up to 30 vol.% PCM distributed throughout the concrete (outside)
ayer or the plaster (inside) layer and subjected to a realistic sol-air temperature
sa(t) representative of June 12th in California climate zone 9 (Los Angeles, CA).

ig. 9. It confirms that the diurnal energy flux reduction Er was
uch larger when the PCM was embedded in the concrete layer

han in the plaster layer, as previously discussed. The predictions
f Er using the modified admittance method agreed with those from
umerical simulations within a relative error of less than 1%.

. Conclusion

This study extended the widely-used admittance method to
ccount for the effects of phase change on the thermal load passing
hrough single or multilayer building envelopes subjected to real-
stic weather conditions. For the wide range of outdoor conditions
onsidered, the proposed modified admittance method predicted
he diurnal energy flux reduction Er associated with adding PCM to
uilding walls within 6% of detailed numerical predictions. How-
ver, it did not accurately predict the transient inner wall surface
eat flux q′′

L(t) in cases where the sol-air temperature Tsa(t) was
ot centered near the desired indoor temperature Tin. The results
lso obeyed previously established design rules for PCM-composite
uilding materials, namely, (i) the diurnal energy flux reduction
ssociated with PCM-composite walls is the largest in moderate
limates with a sol-air temperature Tsa(t) centered near the desired
ndoor temperature Tin [6,11] and (ii) the diurnal energy reduction
ncreases as the amplitude of oscillation in the sol-air tempera-
ure Tsa(t) decreases [6]. The speed and simplicity of the modified
dmittance method could facilitate the design and evaluation of
he energy benefits of PCM-composite walls through user-friendly
esign software for a diverse group of users.
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Appendix A. Decrement factors and time lags

Mackey and Wright [24] related the inner wall surface temper-
ature TL(t) to a sinusoidal sol-air temperature Tsa(t) as,

TL(t) = fMW [Tsa(t − �MW ) − T̄sa] + U

hi
T̄sa +

(
1 − U

hi

)
Tin (A.1)

where U is the overall heat transfer coefficient of the wall, T̄sa is the
time-averaged sol-air temperature, fMW is the fundamental equiva-
lent thermal resistance ratio or so-called decrement factor and �MW

is the time lag. The decrement factor fMW represented the ratio of
the amplitude of temperature oscillation at the inner wall surface
�TL to that of the sol-air temperature �Tsa, i.e.,

fMW = �TL

�Tsa
= TL,max − TL,min

Tsa,max − Tsa,min
. (A.2)

The associated time lag �MW represented the difference between
the time (in hours) when the inner wall surface and the sol-air
temperatures reached their respective maximum. The decrement
factor fMW and time lag �MW can be expressed as [24,40],

fMW = 1.414hok�n√
A2 + B2

and �MW = 12
	

tan−1
(

A − B

A + B

)
. (A.3)

Here, � = (	/86400˛)0.5, where  ̨ = k/(�cp) is the thermal diffusivity
and the parameters A and B were given by [24],

A = (ho + hi)k�[cos(�L) cosh(�L) + sin(�L) sinh(�L)]

+ hohi sin(�L) cosh(�L) + 2k2�2 cos(�L) sinh(�L)

and B = (ho + hi)k�[cos(�L) cosh(�L) − sin(�L) sinh(�L)]

+ hohi cos(�L) sinh(�L) − 2k2�2 sin(�L) cosh(�L).

(A.4)

Alternatively, Pipes [41] offered an analytical solution to the
one-dimensional (1D) transient heat conduction equation for a wall
subjected to convective heat transfer to a constant indoor temper-
ature Tin and to a sinusoidal sol-air temperature Tsa(t). The author
related the sol-air temperature Tsa(t) and outer wall surface heat
flux q′′

o(t) to the indoor temperature Tin and inner wall surface heat
flux q′′

L(t) as [41],[
Tsa

q′′
o

]
=

[
1 1/ho

0 1

]  [
m1 m2

m3 m1

]  [
1 1/hi

0 1

]  [
Tin

q′′
L

]

=
[

M1 M2

M3 M4

]  [
Tin

q′′
L

]
(A.5)

where m1, m2, and m3 are complex elements of the wall transmis-
sion matrix expressed as [41,22],
lation may  also be used for a multilayer wall by determining m1,i,
m2,i, and m3,i for each plain-parallel layer i of the wall as a function
of its thickness Li, thermal conductivity ki, and thermal diffusivity
˛i. In other words, for a wall with n layers, Eq. (A.5) becomes,
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Tsa

q′′
o

]
=

[
1 1/ho

0 1

]  [
m1,1 m2,1

m3,1 m1,1

]
· · ·

[
m1,n m2,n

m3,n m1,n

]

×
[

1 1/hi

0 1

][
Tin

q′′
L

]
. (A.7)

Moreover, Danter [20] used the solution described by Pipes [41]
or the case of constant indoor temperature Tin to define the decre-

ent factor fAM and the corresponding time lag �AM as,

AM =
∣∣∣ 1

UM2

∣∣∣ and �AM = tp

2	
tan−1

(
Im(1/M2)
Re(1/M2)

)
. (A.8)

onsidering the discontinuous nature of the inverse tangent func-
ion, it is useful to define the time lag �AM on a piecewise basis
s,

AM =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∣∣∣∣ tp

2	
tan−1

(
Im(1/M2)
Re(1/M2)

)∣∣∣∣ for Re(1/M2) > 0 

∣∣∣∣ tp

2	

(
tan−1

(
Im(1/M2)
Re(1/M2)

)
− 	

)∣∣∣∣ for Re(1/M2) < 0

∣∣∣∣ tp

2	

(
tan−1

(
Im(1/M2)
Re(1/M2)

)
− 2	

)∣∣∣∣ for Re(1/M2) > 0 

sing this definition, the time lag �AM always ranges from 0 to 24 h.
The decrement factor fAM, proposed by Danter [20], has been

escribed as the ratio of the periodic or cyclic thermal transmit-
ance �q′′

L(t)/�Tsa(t) to the steady-state thermal transmittance U
f a wall and can be expressed as [26,22],

AM = �q′′
L

U�Tsa
=

q′′
L,max − q′′

L,min

U
(

Tsa,max − Tsa,min

) (A.10)

here �q′′
L and �Tsa are the amplitudes of oscillation in the inner

all surface heat flux q′′
L(t) and sol-air temperature Tsa(t), respec-

ively. Note that the amplitudes of oscillation in heat flux and
emperature at the inner wall surface are related by �q′′

L = hi�TL .
hus, the decrement factor fMW defined by Mackey and Wright [24]
s related to the decrement factor fAM defined in the admittance

ethod [20] as,

MW = U

hi
fAM. (A.11)

Furthermore, several studies have defined the decrement factor
S as the ratio of the amplitudes of oscillation in temperature at the
nner �TL and outer �To surfaces of a wall. They also defined the
ime lag �S as the difference between the times tL,max and to,max at
hich the inner and outer wall surfaces reached their maximum

emperatures, respectively. Mathematically, they are expressed as
27–30],

S = �TL

�To
= TL,max − TL,min

To,max − To,min
and �s = tL,max − to,max. (A.12)

e will refer to these parameters as the surface decrement factor
S and surface time lag �S. The solution described by Pipes [41]
Eqs. (A.5)–(A.9)) and used in the admittance method can be used
o define the surface decrement factor fS as,

S =
∣∣∣ 1

hiN2

∣∣∣ where N2 = M2 − m3

hiho
− m1

ho
. (A.13)

he corresponding surface time lag �S may  then be determined by

ubstituting N2 for M2 in Eqs. (A.8) and (A.9).

Finally, the decrement factor has also been described as the
atio of the amplitudes of oscillation in indoor and outdoor tem-
eratures [42]. Unfortunately, it is not straightforward to reconcile

[

[
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Im(1/M2) < 0

Im(1/M2) > 0

.  (A.9)

this definition with those previously discussed, as fMW, fAM, and
fS were all defined for cases where the indoor temperature was
assumed to be constant. In fact, Eqs. (A.5)–(A.9) cannot be used to
define any decrement factor in the case of a time-dependent indoor
temperature.

Ruivo et al. [31] identified that “the decrement factors fAM and fMW

of a particular wall are imperatively different and the following rela-
tionship holds: fAM = fMWhi/U.” The authors compared fAM and fMW

for numerous composite wall designs and observed that predic-
tions of fAM/fMW were not equivalent to hi/U. This was likely due to
the fact that the authors defined at least one of the decrement fac-
tors using some sort of graphical estimation. Indeed, if fMW and fAM
are determined using Eqs. (A.3) and (A.4) and (A.5)–(A.8), respec-
tively, the ratio fAM/fMW will always be equal to hi/U. Ruivo et al.
[31] also asserted that the time lags �MW and �AM were equivalent
because “the sol-air temperature and the outer surface temperature
of the wall reach the maximum values at the same instant.” Rather,

the time lags �MW and �AM are equivalent because the temperature
TL(t) and heat flux q′′

L(t) at a wall’s inner surface (x = L) always reach
their maximum values at the same instant.

References

[1] S.E. Kalnæs, B.P. Jelle, Phase change materials and products for building
applications: a state-of-the-art review and future research opportunities,
Energy Build. 94 (2015) 150–176.

[2] N. Zhu, Z. Ma,  S. Wang, Dynamic characteristics and energy performance of
buildings using phase change materials: a review, Energy Convers. Manag. 50
(12)  (2009) 3169–3181.

[3] J. Kosny, N. Shukla, A. Fallahi, Cost Analysis of Simple Phase Change
Material-Enhanced Building Envelopes in Southern US Climates, Fraunhofer
Center for Sustainable Energy Systems, prepared for the US DOE Building
Technologies Program, No. DOE/GO-102013-3692, 2013.

[4] A.L.S. Chan, Energy and environmental performance of building faç ades
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