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This study investigates systematically the effects of nonabsorbing droplets on the bidirectional trans-
mittance of transparent windows. The Monte Carlo ray-tracing method was used to predict the bidi-
rectional transmittance of transparent windows supporting monodisperse or polydisperse and randomly
distributed droplets on their front side or backside. In both cases, photons that did not interact with the
droplets were transmitted in the same direction as the incident direction. In addition, the bidirectional
transmittance was found to be independent of the diameter and size distribution of the nonabsorbing
droplets. It also featured cutoff transmission angles for certain ranges of incident and contact angles for
either external or backside droplets. Analytical predictions of these cutoff angles were developed and
were in excellent agreement with results from numerical simulations. Moreover, the bidirectional trans-
mittance of the windows with either front or back side droplets increased with increasing projected sur-
face area coverage at transmission angles other than the incident angle. The hemispherical distributions
of the bidirectional transmittance showed that the photons scattered into other transmission azimuthal
angle were concentrated in the angular region bounded by the cutoff angles for either external droplets

or backside droplets.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Fogging is ubiquitous on surfaces of optical components and
windows both in our daily life and in many technological appli-
cations [1-4]. Light scattering by water droplets hinders visibility,
reduces performance, and may even create safety hazard [5]. Fog-
ging typically develops when the temperature of optical windows
is lower than the dew point temperature of the surrounding air.
Then, water vapor in the air condenses on the surface to form dis-
persed water droplets. Such droplet condensation has significant
negative effects on light transfer. For example, water droplets may
condense on the inner surface of greenhouse covers [6] and so-
lar desalination modules [7] as well as on the external surface of
solar cells [8]. Then, the presence of droplets reduces the solar
energy input and the system’s energy efficiency due to reflection
and/or absorption of the incident radiation by the droplets [9]. Fog-
ging and rain also hinder the visibility through vehicle windshields
[10] and architectural glass windows [11]. Furthermore, light scat-
tering by condensed water droplets can cause severe image distor-
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tion on camera lenses used for navigation or surveillance [12] as
well as on analytical and medical optical instruments [13].

The optical impact of droplets may be reduced significantly
by modifying the wettability of optical window surfaces with ei-
ther superhydrophilic or superhydrophobic coatings [5,14]. Super-
hydrophilic coatings, with droplet contact angle less than 5°, can
be wetted completely to form a water film instead of distinct
droplets [15,16]. The formation of a continuous water film re-
duces the refractive index mismatch between the air and the win-
dow, and thus increases slightly the transmittance of the window
in the visible compared with situations when the surface is dry
[17,18]. Alternatively, superhydrophobic coatings, resulting in wa-
ter droplets with contact angle above 150° and extremely low con-
tact angle hysteresis, causes the water droplets to quickly slide off
the surface [19,20]. However, these different coatings have several
drawbacks. First, they generally requires complicated and/or costly
procedures to fabricate and/or their properties usually fade away
over time [12,21]. Furthermore, antifogging coatings cannot fully
prevent fogging under extreme conditions and may exhibit exces-
sive and nonuniform water condensation [22-24].

Water droplets can be present either on the front side or on
the backside of optical windows, depending on their location with
respect to the direction of incident light. Front side or external
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Nomenclature

d droplet diameter, ;«m

dm mean diameter of droplets, um

dp projected diameter of droplets, um

fa projected surface area coverage of droplets
H thickness of the window, mm

L length of the window, mm

lc capillary length, mm

M interval number of transmission angles
N number of rays

n refractive index

n unit vector of normal

S unit vector of ray direction

Tha bidirectional transmittance

Thd one-dimensional bidirectional transmittance

Ton one-dimensional directional-hemispherical trans-
mittance

w width of the window, mm

Greek symbols

0 incident polar angle, °

O contact angle, °

Ocr critical angle for total internal reflection, °©
o standard deviation of droplet diameter, ©m
1) azimuthal angle, °

v angle of refraction, °

Q solid angle

Subscripts

a refers to air

co refers to cutoff angle

d refers to droplet

i refers to incidence

t refers to transmission

w refers to window

Superscripts

B refers to backside droplets

E refers to external droplets

+ refers to large cutoff angle

- refers to small cutoff angle

droplets refer to the situation when droplets are present on the
face of the optical windows exposed to the incident light. This is
the case of rain on windshields as well as fogging of camera lenses
and solar cells. On the other hand, droplets may also be present
on the backside of windows in the case of fogging of the interior
surface of residential buildings or vehicle windshields as well as
during condensation on the inner cover of greenhouses and solar
desalination systems. These two situations should be distinguished
since the incident light interacts very differently with external and
backside droplets [25].

Experimental measurements and numerical simulations of light
transfer through windows with backside droplets were reviewed
in details in our previous study and need not be repeated [26].
In brief, the normal-hemispherical transmittance of windows sup-
porting droplets on their backside featured four distinct optical
regimes defined with respect to the droplet contact angle and the
critical angle for total internal reflection at the droplet/air inter-
face. The normal-hemispherical transmittance increased slightly for
contact angle smaller than the critical angle (Regime I) but de-
creased monotonously with increasing surface area coverage for
contact angle larger than the critical angle (Regimes II, III, and IV)
[26]. Briscoe and Galvin [27] presented an analysis to predict the

normal-hemispherical transmittance of glass windows with back-
side condensation of water droplets and found that the decrease
in the normal-hemispherical transmittance was due to total inter-
nal reflection at the droplet/air interface.

Few investigations have paid attention to the effect of exter-
nal droplets on light transfer through optical windows [28]. In
short, the directional-hemispherical transmittance of optical win-
dows with external condensation of nonabsorbing droplets was
nearly independent of droplet contact angle for incident angle
smaller than 30°. However, it decreased monotonously with in-
creasing incident angle and/or droplet contact angle for contact an-
gle smaller than 70° to reach a minimum at a contact angle beyond
which it increased with increasing contact angle before reaching a
plateau at large contact angles (> 150°). This was due to total in-
ternal reflection at the window back surface/air and droplet/air in-
terfaces [25]. Moreover, for absorbing droplets either on the front
or backside of the window, the normal-hemispherical transmit-
tance decreased significantly with increasing droplet contact angle,
mean diameter, polydispersity, and surface area coverage due to
strong volumetric absorption within the droplets [25,29].

The directional-hemispherical transmittance for transparent
and absorbing external or backside droplets previously reported
[25,26,29] provided only the fraction of incident energy transmit-
ted in all directions through the window supporting the droplets.
However, these previous studies did not provide the angular dis-
tribution of the transmission radiation described by the so-called
bidirectional transmittance. The latter is an essential optical char-
acteristics in various applications including light transfer in green-
houses [30,31], solar distillation systems or solar stills [32-34],
photobioreactors (PBRs) [35,36], and optical imaging systems [37].
Light scattering by droplets in these different systems leads to the
redistribution of sunlight in all directions which can significantly
affect the systems’ performances. For example in greenhouses, di-
rect collimated solar radiation can scorch leaves while scattered
light penetrates deeper into the canopy, thereby increasing absorp-
tion of sunlight by plants to carry out photosynthesis [38].

In addition, Fig. 1(a) illustrates the principle of solar stills con-
sisting of heating salty or brackish water with solar radiation re-
sulting in water evaporation and subsequent condensation of wa-
ter droplets onto the colder window. The latter traps the incom-
ing solar radiation inside the still and serves as a condensing sur-
face [32]. The condensate is collected at the bottom of the inclined
window as drinking water. Here, the transmittance of the window
decreases due to the presence of condensed droplets which signif-
icantly reduces the yield of the system [32]. Indeed, light scatter-
ing by droplets increases reflection of the incident solar radiation
[32] thus decreasing the overall heat input and the water evapora-
tion rate [33,34]. The surface coverage of the droplet and their con-
tact angle on the condensation surface and the angle of incidence
of the sunlight with respect to the normal vector to the window
were found to play a very important role [32,33].

Similar transport processes take place in outdoor photobiore-
actors such as race ponds or photobioreactors covered by a plas-
tic window to prevent contamination, as illustrated in Fig. 1(b).
Here, changes in the direction of the transmitted light due to the
presence of droplets will affect how light is absorbed in the PBR
volume. For example, normal incidence allows deep penetration of
the light into the PBR volume, whereas oblique incidence has been
shown to reduce exposure of the culture to light [35,36]. Thus,
knowledge of the bidirectional transmittance of the droplets cov-
ered the window is essential for quantifying the impact of droplets
on PBR performance.

Moreover, light scattering by droplets condensed on optical
windows, for example, eyeglasses, camera lenses, and analytical
and medical optical instruments, leads to significant image distor-
tion due to the bidirectional dependence of the transmission light.



Y. Huang, C. Feng and J. Hoeniges et al./Journal of Quantitative Spectroscopy & Radiative Transfer 251 (2020) 107039 3

(a) Solar distillation systems

Incident solar
radiation

bidirectional
transmittance

D8

7S
EVAPORATION
Ne . N

(b) Photobioreactors

distilled
water

Incident solar radiation

~——condensed
droplets

~— window

A6
—
i
window — == E = -
A " v\« bidirectional
condensed EVAPORATION ! transmittance
™ 0,

droplets

Fig. 1. Schematic of effects of the bidirectional transmittance on (a) the solar distillation system, (b) the photobioreactors. Photograph of Fig. 1(a) courtesy of V-EnerTek,
Chennai, India, Used by permission. All rights reserved. © 2020 V-EnerTek. The photograph of Fig. 1(b) was taken with permission in the microalgae R&D facility AlgoSolis

of the University of Nantes, France (http://algosolis.com/).

Here, the bidirectional transmittance can be used to evaluate the
image distortion and possibly reconstruct the images [37].

Pollet and Pieters [30] investigated experimentally forward scat-
tering by backside droplets on a single vertical glass pane de-
scribed by the bidirectional transmittance as a function of the
phase of the condensation process, the wavelength of light, and the
incident angle. The authors found that more than 80% of the trans-
mitted visible radiation was scattered due to the condensate. They
also measured the bidirectional transmittance of four different
transmitting materials, namely single glass, low density polyethy-
lene, anti-drop condensation polyethylene and diffuse polyethylene
either dry or covered with condensate [31]. The forward diffu-
sion pattern of the four materials, except anti-drop condensation
polyethylene, was broadened by the presence of the droplets. Un-
fortunately, contact angle and surface area coverage were not re-
ported and their effects on the bidirectional transmittance were
not discussed. Lee et al. [24] developed a zwitter-wettable surface
coating to explore experimentally their antifogging performance
by real-time monitoring of transmittance and image distortion in
the visible under collimated and normally incident light and ex-
treme fogging conditions. The results revealed that the new coat-
ing maintained high transmission levels and low image distortion.
However, the surface coverage and the droplet size distribution
were not reported and the effects of incident angle on the trans-
mittance and image distortion were not investigated.

Previous studies have focused on predicting or measuring trans-
mittance under normal incidence and/or considered the overall
energy reflected and transmitted by windows supporting nonab-
sorbing or absorbing droplets on their front side [25] or back-
side [27,29]. No consideration was given to the bidirectional nature
of the transmittance and how it might differ when droplets are
present on the front or on the back side of windows. The present
study aims to investigate systematically the bidirectional trans-
mittance of transparent windows supporting nonabsorbing cap-

shaped droplets on their front side or backside. Particular attention
was paid to the effects of droplet size distribution, contact angle,
surface area coverage, as well as incident polar and azimuthal an-
gles. The results are relevant to recent advances in materials and
surface coatings developed to mitigate the visibility reduction and
image distortion of optical windows caused by the presence of
droplets. They can also be used in 3D computer graphics and 3D
rendering for animations, video games, and virtual reality.

2. Analysis
2.1. Problem statement

Fig. 2 schematically illustrates the problem under investigation
focusing on light transfer through transparent windows exposed
to collimated incident radiation and supporting nonabsorbing cap-
shaped droplets on the (a) front side or (b) backside, and (c)
the top view of the transparent window supporting polydisperse
droplets. A plane parallel window with length L, width W, and
thickness H was exposed to collimated light incident on its front
side at a polar angle 6;. Monodisperse or polydisperse droplets
were randomly distributed on the front side or backside of the
window. Droplets were assumed to be cap-shaped with constant
curvature, contact angle 6., and diameter d much smaller than the
capillary length I.. For water droplets in air, the capillary length
lc is 2.7 mm [39]. Therefore, the droplet diameter d was smaller
than 270 um to satisfy d « I.. Under these conditions, the shape
of the droplet is controlled by surface tension. In addition, the
dynamics of condensation and the associated changes in droplet
size were ignored by virtue of the fact that (i) light transfer takes
place at speed much faster than any heat or mass transfer pro-
cesses and (ii) visible light transfer is decoupled from the heat and
mass transfer as it does not contribute to radiative heat transfer.
The incident light was reflected or transmitted by the transpar-
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Fig. 2. Schematic of light transfer through transparent windows with nonabsorbing
cap-shaped droplets (a) on the front face or (b) on the backside. (c) Projected view
of the transparent window supporting polydisperse droplets.

ent windows or by the nonabsorbing droplets with refractive index
denoted by ny, and ny, respectively. Then, light could be transmit-
ted through the backside of the windows (Fig. 2a) or through the
droplets (Fig. 2b) at a transmission angle 6;. In the present study,
the dimensions of the windows were taken as L = W = 5.0 mm,
and H = 3.0 mm. The refractive indices of the surrounding air, win-
dows, and droplets were taken respectively as nq = 1.0, ny = 1.5,
and ny = 1.33 corresponding to the visible part of the solar spec-
trum. Here, the projected surface area coverage f, was defined
based on the projected diameter d, such that d, = d sin[min(f.,
90°)] [26].

3. Methods

Droplets were generated numerically by using the same
methodology used in our previous studies [25,26,29] and described
in details in Ref. [26]. In brief, droplets were placed randomly in
a square domain representing the window surface and were ei-
ther monodisperse or polydisperse with size distribution following
a uniform distribution [40]. To make the problem mathematically
tractable, the same assumptions as in Refs. [25,26,29] were made
here. In brief, all interfaces were optically smooth and Snell’s law
and Fresnel’s equations were valid. The dimensions of the droplets
and window were much larger than the wavelength of the inci-
dent light so geometric optics prevailed and inelastic scattering, in-
terferences, and other wave effects could be ignored. The window
and droplets were nonabsorbing and had constant and uniform re-
fractive indices. Similarly, Monte Carlo ray-tracing method [41,42]
was used to predict light transfer through the windows supporting
droplets. The boundary conditions on the sides of the simulation
domain were periodic in order to avoid boundary effects, i.e., both
the window and droplets were assumed periodic. These boundary
conditions were described in detail in Refs. [26,29] and need not
be repeated.

In this paper, two situations were considered in computing
the bidirectional transmittance in order to analyze separately the
effects of incident polar angle 6; and azimuthal angle ¢;. First,
we focused on the effect of incident polar angle 6; on the one-
dimensional bidirectional transmittance averaged over the inci-
dent azimuthal angle ¢;. For this purpose, Monte Carlo ray trac-
ing method launched photons with a random azimuthal angle ¢;.
Then, the one-dimensional bidirectional transmittance was calcu-
lated according to [41,42]

_ ~ N,
Tba (01, 61) = N; 27 cos sin6,Ab;’ Sy

where N; is the total number of incident rays and N; is the num-
ber of transmission rays in the elementary solid angle AQ; = 27
sin 6; Af;. Here, the transmission angle 8, ranging from 0 to 90°
was divided into M + 1 intervals, with Af; = 7/(4M) (in rad) for
the first and last intervals at angles 0 = 7 /(8M) (in rad) and /2
- /(8M) (in rad) while the interval A8; = /(2M) (in rad) was
uniform for other transmission angles 6;. In order to achieve nu-
merical convergence for the predicted bidirectional transmittance,
the total number of incident rays was N; = 107 and the number of
transmission angle intervals was M = 90.

Second, the effect of incident azimuthal angle ¢; was consid-
ered. In the simulations, a specific azimuthal angle ¢; was arbi-
trarily chosen. Thus, the bidirectional transmittance could be ex-
pressed as [41,42]

N
N; cos O sin6: A6 Ag:’

Tpq (6;. @1, 6r, 1) = (2)

where N; was the number of transmission rays in the solid angle
AQ; = sin 0 AB; Ag;. In order to achieve numerical convergence
for the predicted bidirectional transmittance, the total number of
incident photons was taken as N; = 107 and the azimuthal angle of
the transmission was divided into 360 intervals, i.e., Ag; = /180
(in rad) while the discretization in the polar angle A6f; was the
same as that mentioned previously. Note that, due to the sym-
metry of the cap-shaped droplets, the bidirectional transmittance
given by Eq. (2) satisfied Tpg(8;, @i On @) = Tpa(6; 01 @r -
©;). Therefore, the relationship between the one-dimensional bidi-
rectional transmittance Ty,q(6;, 6;) and the bidirectional transmit-
tance Tp4(0;, @i, Or @) given by Eqs. (1) and (2) can be expressed



Y. Huang, C. Feng and J. Hoeniges et al./Journal of Quantitative Spectroscopy & Radiative Transfer 251 (2020) 107039 5

as
_ 1 2 1 2
Tpa(6;, Or) = E/o 27 J, Toa (65, @i, 6, @) deide;
1 2
=37 J, Toa (B, @i, 6, @r) der. (3)

Similarly, these bidirectional transmittances are related to the
one-dimensional directional-hemispherical transmittance T4, (6;)
previously investigated for droplets on the front and back sides of
window [25,26,29] according to
/2

Tun(6)) = 270 / Toa (65, 61) cos 6, sin 6, d6,
0

2 /2 .
= /0 /0 de(G,-, ®i, Ht, §0t) Cos 9[ sin 9{ dgtdgot (4)

4. Results and discussion

This section presents a parametric study investigating the ef-
fects of (i) droplet size distributions and (ii) contact angle 9., (iii)
incident polar 6; and azimuthal ¢; angles, and (iv) projected sur-
face area coverage f, on the bidirectional transmittance of trans-
parent windows with nonabsorbing droplets either on their front
side or backside.

4.1. Effects of droplet size distribution and incident polar angle

Fig. 3 plots the one-dimensional bidirectional transmittance
Tpa(0;, 6r) of windows supporting randomly distributed monodis-
perse or polydisperse nonabsorbing droplets (a) on their front side
and (b) on their backside for contact angle 6. = 90° and pro-
jected surface area coverage f; = 50% as a function of transmis-
sion angle O; for different droplet size distribution and incident
angle 6;. Three droplet size distributions were considered namely
(i) monodisperse droplets with d, = 100 pm, (ii) monodisperse
droplets with d = 250 pm, and (iii) polydisperse droplets fol-
lowing a normal distribution with d;; = 100 pm and standard
deviation ¢ = dp/2 = 50 um such that the droplet diameter d
satisfied dp, - 0 < d < dn + o. Fig. 3 indicates that the one-
dimensional bidirectional transmittance of windows, with nonab-
sorbing droplets on either sides, was independent of droplet size
distribution (monodisperse or polydisperse) and of the droplet
mean diameter for given contact angle 6. and surface area cover-
age fs. These results were consistent with our previous studies fo-
cusing on the one-dimensional directional-hemispherical transmit-
tance Tgp,(6;) [25,26]. Thus, the results presented in the remaining
of this paper were obtained for monodisperse and randomly dis-
tributed droplets with diameter d; = 100 pm.

Moreover, comparing Figs. 3(a) and 3(b) establishes that the
one-dimensional bidirectional transmittance Tpq(8;. ;) is signif-
icantly different if the droplets are present on the front side
or on the back side of the window, as discussed extensively in
the following section. However, in both cases, Tpq(6;, 6;) had a
sharp peak at the incident direction 6; = 0; corresponding to the
transmitted photons that had not interacted with the droplets.
In addition, the one-dimensional normal-directional transmittance
Tpa(0; = 0°, 6;) decreased nearly monotonously with increasing
transmission angle, while the transmission energy for other inci-
dent angles 6; = 30° and 60° was more distributed over all trans-
mission angles. This can be attributed to the fact that the pho-
tons with oblique incidence experienced multiple internal reflec-
tions between the two faces of the window and were more likely
to enter into the droplets and be transmitted (or reflected) in dif-
ferent directions compared to when the photons were normally in-
cident.

4.2. Effects of contact angle

4.2.1. Droplets on window’s front side

Fig. 4 shows (a) the one-dimensional normal-directional trans-
mittance Tpq(6; = 0°, 6;) for different contact angle 6, between
30° and 180° and (b) the one-dimensional bidirectional trans-
mittance Tpq(6;, 6;) at 6; = 0° 30° and 60° for contact an-
gle 6. = 45°, as functions of transmission angle 8;. In all cases,
the window supported nonabsorbing, monodisperse, and randomly
distributed droplets on its front side with d; = 100 wm and
projected surface coverage f; = 50%. Fig. 4(a) indicates that, for
droplets with contact angle 8. < 90°, the one-dimensional normal-
directional transmittance Tpyq(6; = 0°, 6;) featured a cutoff trans-
mission angle beyond which it decreased sharply, by several orders
of magnitude. The cutoff angle, denoted by Hfgg, was larger than
the transmission angle 6; = 0; corresponding to the sharp peak. It
is also interesting to note that the cutoff angle 65} increased with
increasing contact angle. However, no cutoff angle was observed in
one-dimensional the normal-directional transmittance for contact
angle 6, > 90°.

Moreover, Fig. 4(b) indicates that, for contact angle 6, = 45°
and incident angle 6; = 30°, the one-dimensional bidirectional
transmittance de(Qj, 6;) featured both large and small cutoff
transmission angles 95&; and Of'cg, which were larger and smaller
than the transmission angle 6; = 6;, respectively. However, neither
QtE_‘CX nor Q[E’c; existed in the one-dimensional bidirectional trans-
mittance for incident angle 0; = 60°. Finally, note that the oscilla-
tions in transmittance, observed in Fig. 4(a) (6, = 30°, 0; > 10°)
and in Fig. 4(b) (8; = 0°, 6; > 20°), were due to the numerical
noise and to very small values of transmittance.

Fig. 5 schematically illustrates the cutoff transmission angles

0f+ and Of., in the one-dimensional bidirectional transmittance

Tpa (0. 6r) of a window with external droplets and their relation-
ships to the contact angle 6. and incident angle 0;. Fig. 5(a) fea-
tures collimated rays obliquely incident on a droplet or on the dry
window with an incident angle 6; corresponding to an incident
angle 0{ defined with respect to the normal of the air/droplet in-
terface. The local normal of the air/droplet interface forms an an-
gle 6, with the normal to the window such that 91./ =0, - 0;

when 6; < 6, [Fig. 5(a)] and 91./ = 6; - 6, when 6; > 0, ie,
91./ = |6p — 6;]. Most rays were transmitted across the air/droplet

interface into the droplet with transmission angle Gt/ and then
were incident on the droplet/window interface with incident angle
91.". Finally, the rays were transmitted through the droplet/window
interface with transmission angle 9;/ to eventually emerge on the
other side of the plane parallel window with transmission angle
0. The latter can be determined according to Snell’s law and geo-
metric considerations at the different interfaces such that

ng sin ; = ng sin 6, (5)
and
ngsin 6, = nysinf, = ng sin 6. (6)

Here, 9;’ = 0, — sign(6, — 9,-)9[, as shown in Fig. 5(a). In the
limiting case when rays are incident on the contact line of the
droplets then 6, = 6. This situation corresponds to the cutoff
transmission angle Qf’cg shown in Fig. 4. For contact angle 6, <
90°, Egs. (5) and (6) can be combined to express the cutoff trans-

mission angle 65.f as

Of s = sin{ng/ngsin[fc + sin~! (ng/ngsin(@; — 6:))]}.  (7)

t,co

Considering the case of normal incidenEe with ng = 1.0 and
ng = 133, the large cutoff angle 95‘;5 of Tpq(6;, 6¢) is equal to

10.6°, 26.2° and 61.3° for contact angle 8. = 30°, 60° and 90°,
respectively. These predictions were in excellent agreement with
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Fig. 3. One-dimensional bidirectional transmittance Tyq(6;, 6;) as a function of transmission angle for different size distributions of droplets and incident angles. The window
supported monodisperse or polydisperse and randomly distributed droplets either (a) on its front side or (b) on its backside for 6. = 90° and fy = 50%. The diameter of
polydisperse droplets followed a normal distribution and was such that d, - 0 < d < dn + 0 with d, = 100 um and o = dp/2 = 50 pum.

our numerical simulations, as illustrated in Fig. 4(a). Moreover,
the cutoff angle Gfg of Tpy(6;, Or) was equal to 17.2° and 47.7°
for 6. = 45°, 6; = 0° and O, = 45°, 6; = 30°, respectively. Here
also, excellent agreement was observed between numerical simu-
lations [Fig. 4(b)] and predictions by Eq. (7). Note that to ensure
that Eq. (7) is valid, the condition 8. + sin—![ng/ny sin(d; - 6.)] <
6 should be satisfied, where the critical angle for total internal
reflection O = sin~!(ng/ng) = 48.8° for ng = 1.0 and ny = 1.33.
Otherwise, total internal reflection through the window occurs at
the backside window/air interface. Then, the conditions on the in-

cident angle #; and contact angle 6. ensuring the existence of the

cutoff angle Gf'c:g can be expressed as

(8)

Here, for 6. = 45° and 6; = 60°, Eq. (8) is not satisfied so that no
large cutoff angle Gf"c:g was not observed in Fig. 4(b).

Similarly, Fig. 5(b) shows collimated rays incident on the second
part of the droplet such that 6, = 0{ — 6;. Egs. (5) and (6) also
prevail but are such that 49; =0; + 60, and 9{’ = 9{ — 0. the small

cutoff angle 95&; illustrated in Fig. 5(b) corresponds to the limiting

ngsin(6; — 6.) < ngsin(@; — 6.).
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Fig. 4. (a) One-dimensional normal-directional transmittance Tyq(6; = 0°, 6;) for different values of contact angle 6. and (b) the one-dimensional bidirectional transmittance
Tpa(6;,6;) at O; = 0°, 30°, and 60° for contact angle §, = 45° as a function of transmission angle. The window supported nonabsorbing, monodisperse, and randomly
distributed droplets on its front side with d, = 100 um and projected surface area coverage f; = 50%.

case when the rays are incident on the contact line of the droplets,
i.e., when 8, = 6.. Then, Gf_’cg can be expressed as

t.,co

6f s =sin~{ng/ngsin[sin~" (ng/ngsin(0c + 6;)) — 6c]}. (9)
It was equal to 85~ = 2.1° for 6, = 45° and 6; = 30° with

t,co
ng = 1.0 and ny = 1.33. This prediction agrees very well with nu-
merical predictions shown in Fig. 4(b). Here also, the conditions
on the incident angle 6; and contact angle 6. corresponding to the

presence of the small cutoff angle 65, can be derived as

0; + 6. < 90° and n, sin(6; + 6;) = ngysind,. (10)

These conditions explains why no small cutoff angle Gf&; was
observed in the one-dimensional bidirectional transmittance for
0. = 45° and 6; = 60° [Fig. 4(b)].

Fig. 6 plots the contours and magnitude (a) of the large cut-

off angle 67 and (b) of the small cutoff angle 6.5 of the one-
dimensional bidirectional transmittance Tpq(6;, 6;) of the window
with external droplets as functions of incident angle 6; and con-
tact angle 6. based on Eqs. (7) and (9), respectively. Fig. 6(a) il-
lustrates that the large cutoff angle 95;5 existed only in the region
of the (0;, 6.) plane where the conditions of Eq. (8) prevailed. It
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Fig. 5. Schematic illustrating the effect of droplet contact angle 6. and incident

angle 6; on (a) the large cutoff transmission angle efcg and (b) small cutoff trans-

mission angle 6F;; of the one-dimensional bidirectional transmittance for external
droplets.

also indicates that the cutoff angle ch?; increased with increasing
incident angle #; and contact angle 0. By contrast, Fig. 6(b) indi-
cates that, the cutoff angle Ot o €xisting in the region bounded by
Eq. (10), increased with increasmg incident angle 6; and decreased

with increasing contact angle 6.

4.2.2. Droplets on window’s backside

Fig. 7 shows (a) the one-dimensional normal-directional trans-
mittance Tpq(6; = 0°, 6;) for different contact angles 6. between
30° and 180° and (b) the one-dimensional bidirectional trans-
mittance Tpq(6;, 6;) (6; = 0° 30° and 60°) for contact angle
6. = 45° as functions of transmission angle 6¢. In all cases, the
droplets were monodisperse and randomly distributed on the win-
dow’s backside with d;; = 100 um and projected surface cover-
age fy = 50%. Here also, oscillations in Tpq(6; = 0°, 6;) appeared
in Fig. 7(a) (¢ = 30°, O > 10°) and in Fig. 7(b) (6, = 45°, O; >
25°) due to numerical uncertainty and very small transmittance
values for 6; > 10° and 6. =30°. Fig. 7 indicates that the larger
the droplet contact angle 8., the more diffuse the transmittance.
In addition, the one-dimensional normal-directional transmittance
Tpa(0; = 0°, ;) featured a large cutoff angle ch:; for droplets lo-
cated on the window’s backside with contact angle 6. = 30° and
45°, Furthermore, for contact angles such that 0, < 6. < 90°
and under normal incidence [Fig. 7(a)], Tpq(6; = 0°, 6¢) reached
a minimum at the transmission angle given by 93 i = 90° - Oc.
Here, the critical angle for total internal reflection at the droplet/air

% ©)

t,co

80 90
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- 60

- 50
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Fig. 6. Contours and magnitude of cutoff transmission angles, (a) 955 and (b) Qfm,

as functions of incident angle 6; and contact angle 6. based on Egs. (6) and (8),
respectively.

interface 6. was equal to 48.8° so that 68 = 41.2°. Moreover,

t,min
Fig. 7(b) indicates that the small cutoff angle Ht ", can be observed
for contact angle 8. = 45° and incident angle 0 = 30° or 60°.

Fig. 8 illustrates how inclined rays incident on the window with
an incident angle 6; are refracted and transmitted through the
window, or into droplets with incident angle 0{ and refraction an-
gle 0{ at the window/droplet interface, and finally through droplets
with transmission angle 6;. The incident angle and refraction angle
at the droplet/air interface were denoted by 9,.” and 0[”. The trans-
mission angle 6; could be obtained from Snell’s law expressed at
each interface as

ng sin 6; =ny sin 6] =ny sin 6/ (11)
and
ng sin ; =ng sin 6; . (12)

Fig. 8(a) illustrates rays traveling through the window and inci-
dent near the contact line of droplets. Here, 9{/ = 6y + 6/ and the
transmission angle is given by 6; = 9! — 6p. In the limiting case
when the rays through the window are incident on the contact line
of the droplets (i.e., when 6, = 8.) the corresponding cutoff trans-
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Fig. 7. (a) One-dimensional normal-directional transmittance T,q(6; =0°,6;) for
different values of contact angle 6. and (b) the one-dimensional bidirectional trans-
mittance Tyq(6;, 0¢) at 6; = 0°, 30°, and 60°for contact angle 6, = 45° as a func-
tion of transmission angle. The window supported nonabsorbing, monodisperse,
and randomly distributed droplets on its backside with d,, = 100 «m and projected
surface area coverage f = 50%.

mission angle «95&3, illustrated in Fig. 8(a), can be expressed as

674 = sin~"{ng/nesin[fc + sin~" (na/ngsing;) |} — 6. (13)

t,co

Here, the large cutoff angle QCB'CJg of Tpq(6; = 0°, 6;) was equal
to 11.7° and 25.1° for contact angle 6. equal to 30° and 45°, re-
spectively. These results were in excellent agreement with the nu-
merical predictions shown in Fig. 7. Note that, in order to avoid
total internal reflection at the droplet/air interface and to ensure
that Eq. (12) is valid in the limiting case of 6, = 6., the condi-

tion 9{/ =0+ 9[/ < B¢ should be satisfied. According to Eq. (11),

(a)

(b)

Fig. 8. Schematic illustrating the effect of droplet contact angle and incident angle

on (a) the large cutoff transmission angle efg and (b) small cutoff transmission

angle 675 of the one-dimensional bidirectional transmittance for backside droplets.

9; = sin~!(ng/ny sin 6;) so that the conditions on the incident an-
gle 6; and contact angle 6. to ensure the existence of the large

cutoff angle 95&; can be expressed as

ngsing; < ngsin(@er — 6c), (14)

where 6. < 6. This is why no large cutoff angles GEg

were observed in the one-dimensional bidirectional transmittance
Tpq(6;, 6) for O = 45°, 0; = 30°, and 0; = 60° [Fig. 7(b)]. In ad-
dition, the one-dimensional bidirectional transmittance T4 (6;, 6;)

for 6, = 45° and 6; = 30° featured a minimum around the
transmission angle given by 6f . = 0 — 6 =6 - (0;/ -

9; ) = 63.3° due to total internal reflection at the droplet/air in-
terface, where 6, = 90°, 6, = sin~!(na/ny sin 30°), and 6, = 6.
Similarly, Fig. 8(b) shows oblique rays incident on the opposite
side of the droplet near its periphery. Eqs. (11) and (12) also prevail
albeit with 9{/ = |6, — 6/| and transmission angle expressed as

6 = 6, — sign(@n - 6{)@ (15)

In the limiting case when the rays were incident on the droplet
contact line, then 6, = 6.. The corresponding cutoff transmission

angle 95&; illustrated in Fig. 8(b) can be written as

0 = Oc— sin{ng/ngsin[0c — sin~" (nq/ngsiné;)] }. (16)

t,co

The small cutoff angle Gf*c; of Tpq(6;, 6;) with droplet con-
tact angle 6, = 45° was equal to 13.8° and 39.2° for incident an-
gle 6; equal to 30° and 60°, respectively. These predictions agreed
very well with the numerical simulations reported in Fig. 7(b).
Here, 9[3,&8 > 0° from Eq. (16) so that . > sin~{ny4/ng sin[f; -
sin~1(nq/ny sin 6;)]}. Therefore, the conditions on the incident an-
gle 6; and contact angle 6. ensuring the existence of the small cut-

off angle 6/, can be expressed as

N sind; > ngsin[6; — sin~! (ng/ngsiné;)]. (17)
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respectively.

Fig. 9 plots the contours and magnitude (a) of the large cut-
off angle 67 and (b) of the small cutoff angle 6/, of the one-
dimensional bidirectional transmittance of a window with back-
side droplets as functions of incident angle 6; and contact angle
6. based on Egs. (13) and (16). Fig. 9(a) indicates that, the cutoff
angle 95{5 existed in the region of the (6;, 6.)-plane bounded by
Eq. (14) and increased with increasing incident angle 6; and con-
tact angle 6.. By contrast, Fig. 9(b) indicates that the cutoff an-
gle 95&5 increased with increasing incident angle 6; and decreased
with increasing contact angle 6.. Comparing Figs. 6 and 9 indicates
that the large cutoff angle prevailed when the droplets were on
the front side, while the small cutoff angle predominated when
the droplets were on the backside. This is attributed to the fact
that, for external droplets, the photons corresponding to the large
cutoff angle were likely to be incident on the contact line of the
droplet, compared with photons responsible for the small cutoff
angle. By contrast, for droplets on the window backside, the rays
corresponding to the small cutoff angle were more likely to be
transmitted through the droplets due to the absence of total inter-
nal reflection at the droplet/air interface, unlike those responsible

for the large cutoff angle.

4.3. Effects of projected surface area coverage

Fig. 10 shows the one-dimensional bidirectional transmittance
Tpq(0;, 6;) of windows with droplets on (a) the front side or (b)
backside as a function of transmission angle 6; for projected sur-
face area coverage f, equals to 10%, 30%, and 50% and incident
angle #; = 0°, 30°, and 60°. Here also, the droplets were nonab-
sorbing, monodisperse, and randomly distributed with 8, = 45°
and d, = 100 pum. Fig. 10 indicates that, regardless whether the
droplets were located on the front or backside of the window sur-
face, the one-dimensional bidirectional transmittance Tp,q(6;, 6;) at
the transmission angle 6; = 6; decreased with increasing f;. How-
ever, it increased with increasing surface area coverage f, at other
transmission angles, i.e., 8; # 0;. The increase was uniform across
the transmission hemisphere and featured the same cutoff trans-
mission angles (Ofg, Qf'cg) or (Ofg, Qf’cg) previously discussed, for
all values of f4 considered, provided the conditions for their exis-
tence were satisfied. These results could be explained by the fact
that the larger the droplet surface coverage f; the fewer photons
were transmitted directly through the dry part of the window. In-
stead, photons were scattered by the droplets in all transmission
directions other than the incident direction. Similar qualitative re-
sults were obtained for different droplet contact angles 6. (see
Figs. S1 and S2 in Supplementary Materials).

4.4. Hemispherical distributions of the bidirectional transmittance

Fig. 11 plots the hemispherical distributions of the bidirectional
transmittance Ty4(0;, ¢;, O, @) defined in Eq. (2) for normal inci-
dence (6; = 0°) (a) with external droplets and (b) with backside
droplets and for incident direction (6; = 30°, ¢; = 120°) (c) with
external droplets and (d) backside droplets. In all cases, the win-
dows supported nonabsorbing monodisperse and randomly dis-
tributed droplets with 6, = 45°, dp, = 100 um, and f, = 50%.
First, Figs. 11(a) and 11(b) indicate that the hemispherical distri-
butions of the normal-directional transmittance T,4(6; = 0°, ¢;,
0¢, @) were centrosymmetric with respect to the transmission az-
imuthal angle for either external or backside droplets. In other
words, it was independent of the azimuthal angle ¢;. This was due
to the central symmetry of cap-shaped droplets considered. More-
over, the normal-directional transmittance for external droplets
[Fig. 11(a)] featured the cutoff angle Of*cg = 17.2°, as previously
observed in Fig. 4(b). By contrast, the normal-directional transmit-
tance for backside droplets [Fig. 11(b)] featured the cutoff angle
Gf‘gg = 25.1°, as also observed in Fig. 7(a).

Moreover, Figs. 11(c) and 11(d) indicate that the hemispherical
distributions of the bidirectional transmittance Tpy(0;, @i Or @)
were symmetric with respect to the plane of incidence defined by
the incident direction s; and the normal to the window ny. They
also indicate that the incident azimuthal angle ¢; affected signifi-
cantly the hemispherical distribution of the bidirectional transmit-
tance. For example, the bidirectional transmittance T,4(6; = 30°,
@; = 120°, O, ¢;) of windows with external droplets [Fig. 11(c)]
was concentrated in the region bounded by the cutoff polar an-
gle which varied with the cutoff azimuthal angle. Here, the maxi-
mum and minimum cutoff polar angles located in the plane of in-

cidence were precisely the large cutoff angle ijg = 47.7° and the

small cutoff angle 955 = 2.1°, respectively, as previously illustrated
in Fig. 4(b). By contrast, for droplets present on the window’s
backside [Fig. 11(d)], the bidirectional transmittance T,4(6; = 30°,
; = 120°, 6, @) featured a small cutoff polar angle which var-
ied with the cutoff azimuthal angle. Similarly, the minimum cutoff
polar angle located in the plane of incidence was the same as the
cutoff angle 9[’?’(; = 13.8¢ illustrated in Fig. 7(b). Note that simi-
lar qualitative results were observed for different contact angles 6.

(see Figs. S3 and S4 in Supplementary Materials).
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Fig. 10. One-dimensional bidirectional transmittance T,q(6;,6;) as a function of transmission angle for different projected surface area coverage f;. The window with (a)
external condensation or (b) backside condensation supported monodisperse and randomly distributed droplets with 6. = 90° and dn, = 100 pum.

The relationship between the cutoff polar and azimuthal angles
can be predicted by Snell’s law. Fig. 12 shows the schematic illus-
trating the three-dimensional ray propagation through a window
with (a) external droplets and (b) backside droplets. Fig. 12(a) il-
lustrates a window with external droplets exposed to collimated
rays with an arbitrary polar 6; and azimuthal ¢; angles incident
on the contact line of the droplet. The unit vector of the incident
direction s; can be expressed as

S; = [cosg;sing;, sing;sing;, —cos@i]T. (18)

The unit vector of the outer normal on the contact line of the
droplet n; . corresponding to the cutoff angle, is defined as

Ny = [COS@n SINBn ¢, SIN@p SINOp c, coan,c]T, (19)

where 0, = 0¢ and @n,c € [@; - 7[2, ¢; + 37/[2]. Here, ¢nc €
lo; = w2, ¢; + m[2] corresponds to the small cutoff angle Qf'cg

and @n,c € [@; + 7/2, ; + 37/2] to the large cutoff angle 6f;, as
illustrated in Fig. 5. Then, based on Snell’s law, the unit direction
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vector of the ray transmitted in the droplet s; ¢ can be written as

Sd.co =Ma/Ng Si + (Ma/Ng COSOgq — COSYgq) Ny, (20)

where 6,; and ¥, are the angles of incidence and refraction at
the air/droplet interface, given by cos 6, = [s; - ng,c| and ng sin
04a = ng sin Y. Finally, the unit vector of the transmitted ray
St,co through the window, which corresponds to the cutoff angle,
can be expressed as

St.co = Ng/Na Sd,co + (Ng/Na €OSOgy, — COSYya) My

T
co» co> —COS@ECO] s (21)

= [€oS@f (,SINGf ., SINGE ,SINGF
where n,, = [0, 0, 1]T is the unit vector of the upper normal
on the window’s surface, 64, is the angle of incidence at the
droplet/window interface, and v, the angle of refraction at the
window/air interface, defined respectively by cos 64, = [S4.co - Dwl
and ny sin 84, = ng sin Ywe. For every azimuthal angle g ¢ of
the unit vector of the outer normal ng¢ a pair of cutoff polar
and azimuthal angles (6, ¢f.,) can be predicted implicitly from
Eq. (21). In fact, Fig. ll(c)’ establishes that the predictions of Eq.(21)
were in excellent agreement with numerical simulations obtained
from Monte Carlo ray tracing method.

Similarly, Fig. 12(b) shows a window with droplets on its back-
side exposed to collimated radiation with incident direction s;
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@) for incident angle of 6; = 0° and (a) external droplets and (b) backside droplets, and
droplets. The window supported monodisperse and randomly distributed droplets with

given by Eq. (18). Then, the unit direction vector of the ray trans-
mitted inside the droplet s; . through the window incident on the
contact line of the droplet can be expressed as

Sac =Na/Ng Si + (Na/Ng COSOaw — COSYyyq) My, (22)

where 04, is the angle of incidence at the air/window interface
and v,,4 the angle of refraction at the window/droplet interface,
given by cos Oqw = |s; - nyw| and ng sin gy = ny sin ¥4 Here
also, Op,c = O and @nc € [@; - ©/[2, @; + 37/2], while ¢n . € [@;

- m[2, ¢; + m/[2] corresponds to the large cutoff angle «95*63 and

¢Onc € lo; + w2, ¢; + 37 /2] to the small cutoff angle 955, as
illustrated in Fig. 8. Then, the unit vector si¢, of the transmission
ray corresponding to the cutoff angles wa and (pfm are given by

St.co = Sd,coMd/Ma + (Cosedand/na ) ng .
T
B : B : B : B B
= [cos@f ,SIN6F ., SN ,siNGP,, — cosOf,] (23)

where 64, and ¥4, are the angles of incidence and refraction at
droplet/air interface, given by cos 64, = |S4,c - ngc| and ny sin
04a = ng sin Y¥4,. Here, the unit vector of the inner normal on
the contact line of the droplet ny ¢ is given by Eq. (18). Finally, we
can obtain an implicit relationship between the cutoff polar angle
6B, and the cutoff azimuthal angle ¢f_, using Eq. (23), as shown

t,co
in Fig. 11(d). Here also, excellent agreement was observed between
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Fig. 12. Schematic illustrating the three-dimensional ray propagation through the
window with (a) external droplets and (b) backside droplets for the relationship
between the cutoff polar angle and cutoff azimuthal angle.

numerical simulations and analytical predictions of Eq. (23), as il-
lustrated in Fig. 11(d).

5. Conclusion

This study numerically investigated the bidirectional transmit-
tance of transparent windows covered with nonabsorbing cap-
shaped droplets either on their front side or on their back side.
The effects of the droplet spatial and size distributions, contact an-
gle and of the incident polar and azimuthal angles on the bidirec-
tional transmittance were assessed systematically. First, the one-
dimensional bidirectional transmittance for droplets on either front
or back side was found to be independent of droplet spatial and
size distributions. In addition, in both cases, the one-dimensional
bidirectional transmittance had a sharp peak in the transmission
direction equals to the incident direction. This peak corresponded
to the photons incident on the dry part of the window and did
not interact with the droplets. Moreover, the one-dimensional bidi-
rectional transmittance of windows with droplets on its front or
back featured large and/or small cutoff transmission angles beyond
which the transmission decreased sharply. Analytical predictions
of the cutoff angles in the different configurations were derived
along with the conditions for their existence on the incident angle
and droplet contact angle. In addition, the one-dimensional bidi-
rectional transmittance increased with increasing projected sur-
face area coverage at other transmission angles while it decreased
in the incident directions. Finally, the bidirectional transmittance
was axisymmetric with respect to the plane of incidence so that
the rays were scattered into other transmission azimuthal angle
around the incident azimuthal angle. These results will be useful

in the discovery and selection of materials and surface coatings to
improve light transmission of optical windows, solar energy con-
version systems, as well as the image quality of camera lenses.
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