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a b s t r a c t 

This study evaluates the effect of dependent scattering and particle overlapping on the integral radi- 

ation characteristics of fractal aggregates of monodisperse and non-absorbing spherical particles for a 

wide range of particle and aggregate sizes. It also aims to identify a scattering approximation capable 

of rapidly predicting these radiation characteristics. The scattering cross-section and asymmetry factor 

of fractal aggregates with touching or overlapping spherical particles were computed using the T -matrix 

method or the discrete-dipole approximation, respectively. The simulated aggregates were composed of 

up to 30,0 0 0 spherical particles with size parameter x s varying from 0.03 to 5 for an aggregate size pa- 

rameter χs of up to 23. The results established that dependent effects (i) were more significant in the 

scattering cross-section and asymmetry factor than in the absorption cross-sections and (ii) increased 

with decreasing particle size parameter x s . In addition, overlapping of particles was found to have a neg- 

ligible effect on the integral radiation characteristics of the aggregates. Finally, the scattering cross section 

and asymmetry factor of any aggregates consisting of particles such that x s ≤ 1 could be predicted by the 

so-called equivalent effective property (EEP) approximation treating the aggregates as equivalent homoge- 

neous spheres with the same diameter and with effective refractive index given by the Maxwell–Garnett 

effective medium approximation. 

© 2021 Elsevier Ltd. All rights reserved. 
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. Introduction 

Light scattering by aggregates consisting of spherical particles 

s of interest to a wide range of applications. For example, atmo- 

pheric dusts consist of clusters of agglomerated primary dust par- 

icles with size ranging from tenths to hundreds of microns, as il- 

ustrated in Fig. 1 (a) [1,2] . Scattering of radiation from UV to near

R by such atmospheric aerosols is essential to predict their ef- 

ect on the Earth climate [3,4] . In addition, oxide particles, such 

s titania particles [ Fig. 1 (b)], are used in paints [5] and self-

leaning window coatings [6,7] and range from tens to hundreds of 

anometers in diameter [8,9] . The appearance and performance of 

uch paints and coatings depend on light scattering by titania par- 

icle aggregates [5–8] . Furthermore, transparent mesoporous silica 

onoliths, consisting of a highly porous network of overlapping 

ilica nanoparticles with radius r s ≤ 20 nm [ Figs. 1 (c) and 1(d)], 

ave been considered for solar thermal applications [10–12] and 

or transparent and thermally insulating window solutions [13–15] . 
∗ Corresponding author. 
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022-4073/© 2021 Elsevier Ltd. All rights reserved. 
he optical transmittance and haziness of mesoporous silica mono- 

iths depend on their scattering characteristics in the visible part 

f the electromagnetic spectrum [16] . In all these applications, the 

ncident radiation is unpolarized and its transport through the par- 

iculate media is governed by the radiative transfer equation (RTE). 

hen, knowledge of the integral scattering characteristics of the 

ggregates, namely their absorption and scattering cross-sections 

nd their asymmetry factor, is of prime importance to predict re- 

ectance, transmittance, haze and other performance metrics, as 

llustrated in Refs. [17–19] . 

In systems with sufficiently distant particles, the scattering 

haracteristics can be expressed implicitly or explicitly from those 

f the individual particles [20,21] . This approach assumes that par- 

icles scatter independently from one another, and is often referred 

o as the “independent scattering regime” [21–23] . Then, the scat- 

ering cross-section of the particle ensemble is simply given by the 

um of the scattering cross-sections of all particles [20] . When the 

articles are spherical and homogeneous, the Lorenz–Mie theory 

an be used to predict the scattering cross-section and asymmetry 

actor of individual particles [20,24] . By contrast, when particles 

re touching or are in close proximity, scattering characteristics of 

he ensemble cannot always be determined by merely adding up 

https://doi.org/10.1016/j.jqsrt.2021.108018
http://www.ScienceDirect.com
http://www.elsevier.com/locate/jqsrt
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jqsrt.2021.108018&domain=pdf
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Nomenclature 

C abs absorption cross-section, nm 

2 

C sca scattering cross-section, nm 

2 

d̄ average interparticle distance, nm 

f v particle volume fraction 

g asymmetry factor 

L size of cubic simulation domain, nm 

m relative refractive index, m = m s /n m 

= n + ik 

m s complex refractive index of the particle, m s = n s + 

ik s 
N s number of particles in the aggregate 

n e f f effective refractive index of the aggregate 

n s particle refractive index 

n m 

refractive index of the surrounding medium 

k s particle absorption index 

Q sca scattering efficiency factor 

R s aggregate radius, nm 

r e f f effective radius of the aggregate, nm 

r s particle radius, nm 

V t total volume occupied by the aggregate, nm 

3 

x s particle size parameter, x s = 2 π r s /λ

Greek symbols 

χs aggregate size parameter, χs = 2 πR s /λ
λ wavelength, nm 

σs scattering coefficient, nm 

−1 

Supercripts and subscripts 

a refers to scattering characteristics of aggregates 

E E P refers to the equivalent effective properties approx- 

imation 

EV refers to the equivalent volume approximation 

e f f refers to effective properties 

P C refers to systems with point-contact particles 

SC refers to systems with surface-contact particles 

s refers to silica 

r averaging the contributions of individual particles. This situa- 

ion is typically referred to as the “dependent scattering regime”

22,23] . For aggregates of non-absorbing monodisperse particles 

f radius r s and refractive index n s surrounded by a medium of 

efractive index n m 

, the transition from dependent to independent 

cattering regimes for the aggregate’s scattering cross-section C a sca 

nd asymmetry factor g a depends on (i) the particles size param- 

ter x s = 2 π r s /λ, (ii) their relative refractive index m = n s /n m 

, (iii)

he average interparticle distance-to-wavelength ratio d̄ / λ, and (iv) 

he number N s of particles in the aggregate [23] . 

Fig. 2 illustrates the regime map for the scattering cross-section 

f aggregates plotting the particle size parameter x s versus the av- 

rage interparticle distance-to-wavelength ratio d̄ / λ based on our 

revious study [23] . The transition from dependent to independent 

cattering regimes corresponded to a relative difference in the pre- 

icted scattering cross-section exceeding 5 % . The transition occurs 

or an average interparticle distance-to-wavelength ratio d̄ /λ = 2 

or x s ≤ 2 and d̄ / λ = 5 for x s > 2 . Note that for the aggregate asym-

etry factor, the transition from the dependent to the indepen- 

ent scattering regimes for particles with x s > 2 was also achieved 

or d̄ /λ = 5 . However, for particles with x s ≤ 2 the transition was 

chieved for d̄ / λ as high as 25 [23] . The effect of the relative re-

ractive index m was shown to be negligible when varied between 

.67 and 2.6 [23] . Fig. 2 also shows the range of x s and d̄ / λ relevant

o various applications. It indicates that dependent light scattering 

revails for various particle systems such as mesoporous materials, 

tmospheric aerosols, paints, nanofluids, and nanoemulsions. 
2 
In the dependent scattering regime, the radiative characteris- 

ics of aggregates can be estimated by solving Maxwell’s equa- 

ions using the T -matrix [25,26] or the discrete-dipole approxima- 

ion (DDA) [27] methods, among others. However, these computa- 

ional approaches can be resource intensive and time-consuming. 

hus, simpler, faster, and yet accurate methods would be highly 

esirable. Previous studies investigating such approximations were 

imited to non-absorbing aggregates with point-contact particles 

22,28] or particle suspensions [29,30] within a narrow range of 

article and aggregate sizes. Moreover, overlapping of particles of- 

en occurs in actual particle-based systems. For example, sol-gel 

ynthesis of mesoporous coatings and monoliths consists of sev- 

ral consecutive steps including gelation, aging, and drying [31,32] . 

he aging step involves dissolution of the silica primary particles 

nd reprecipitation of silica in the pore, cracks, and particle neck 

egions separating two primary particles [31,32] . This process re- 

nforces mechanically the particle network or aggregate and en- 

bles the monolith to sustain the subsequent drying. The forma- 

ion of necks between spherical particles can be approximated as 

verlapping of adjacent particles, as illustrated in Fig. 1 (c) and (d) 

or nanoparticle-based [14] and molecular precursors [33] , respec- 

ively. 

A large body of work has been published on the radiation char- 

cteristics of aggregates and focus on absorbing particles including 

oot particles and atmospheric dusts. The reader is referred to Refs. 

34–36] for an extensive review of the literature. Here, we will 

imit ourselves to reviewing studies focused on aggregates of non- 

bsorbing particles where diffraction, interferences, dependent and 

ultiple scattering play a central role and are not hindered by ab- 

orption. Similarly, the effect of particle overlapping on the radia- 

ion characteristics of absorbing aggregates have been investigated 

n the literature [37–39] . However, to the best of our knowledge, 

he effect of particle overlapping on the radiation characteristics of 

on-absorbing aggregates has not been investigated to date. 

The present study aims to assess the effects of dependent scat- 

ering and particle overlapping on the integral radiation character- 

stics of fractal aggregates of monodisperse non-absorbing spheri- 

al particles with a wide range of particle and aggregate sizes con- 

aining up to 30,0 0 0 particles. It also aims to identify scattering 

pproximations capable of rapidly predicting these radiation char- 

cteristics. To do so, the scattering cross-section and asymmetry 

actor of aggregates with touching or overlapping non-absorbing 

articles were computed using the T -matrix and DDA methods, 

espectively. The results were compared with predictions from 

ommonly used scattering approximations modeling aggregates as 

quivalent homogeneous spheres. 

. Background 

.1. Scattering approximations 

There exists numerous approximations predicting the scatter- 

ng cross-section C a sca and asymmetry factor g a of fractal aggre- 

ates consisting of monodisperse particles [20,22,28–30,34,40,41] . 

ll approximations require knowing at least (i) the particle size 

arameter x s , (ii) the particle relative complex refractive index 

 = (n s + ik s ) /n m 

= n + ik , and (iii) the spatial arrangement of the

articles in the aggregate. 

For example, the Rayleigh-Debye-Gans (RDG) theory and the 

nomalous diffraction approximation assume that the phase shift 

f the wave passing through optically soft spheres satisfies the 

ondition | m − 1 | � 1 [34,40] . On the one hand, the RDG the-

ry predicts the scattering and absorption cross-sections, and the 

symmetry factor of aggregates with monodisperse point-contact 

pheres such that x s � 1 . Expressions for C a 
abs 

, C a sca , and g a not only

epend on (i) x s and (ii) m but also on the aggregate’s (iii) frac- 
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Fig. 1. Scanning electron microscopy images of (a) silica aggregate representative of atmospheric silicate dust [2] and of (b) titania particles used in paints and coatings [9] . 

Transmission electron microscopy images of (c) nanoparticle-based and (d) ambigel mesoporous silica monoliths. 
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iffraction approximation considers aggregates consisting of large 
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ig. 2. Scattering regime map for the scattering cross-section plotting zones of typ- 

cal particle systems with respect to their particle size parameter x s and average 
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3 
 , (iii) the chord length of the aggregate, and (iv) the aggregate’s 

rojected area [41] . 

Alternatively, other commonly used approximations model 

ggregates as equivalent homogeneous spheres [42–44] . These 

pproximations necessitate relatively few structural information 

bout the aggregate and can also be used for aggregates with 

verlapping (or surface-contact) particles. Two of the most com- 

only used approximations include the equivalent volume (EV) 

20,22] and the equivalent effective properties (EEP) [22,28–30] ap- 

roximations illustrated in Fig. 3 . The EV approximation models 

he aggregate as an equivalent sphere with the same complex in- 

ex of refraction as the particles m s and effective radius r e f f such 

hat the volume of the equivalent sphere matches the volume V s of 

he aggregate occupied by the particles, i.e., 

4 π

3 

r 3 e f f = V s = f v V t (1) 

here V t is the total volume of the aggregate and f v is the particle

olume fraction calculated as the ratio of the volume V s occupied 

y the particles to the total volume V t of the aggregate, i.e., f v =
 s /V t . For aggregates with monodisperse point-contact particles of 

adius r s , V s can be expressed as V s = 4 π r 3 s N s / 3 and Eq. (1) simpli-

es to r e f f = r s N 

1 / 3 
s . 

Moreover, the EEP approximation treats the aggregate as an 

quivalent sphere of radius R s encompassing the aggregate such 

hat [28] 

 s = (3 V t / 4 π) 1 / 3 . (2) 

ere, the equivalent sphere has an effective refractive index n e f f 

iven by some effective medium approximation (EMA) [ Fig. 3 (c)]. 

n this study, the 3D Maxwell–Garnett EMA was used to predict 
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Fig. 3. (a) Particle aggregate and its equivalent representations (b) in the EV ap- 

proximation and (c) in the EEP approximation. 
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2 
e f f = n 

2 
m 

[
1 − 3 f v (n 

2 
m 

− n 

2 
s ) 

2 n 

2 
m 

+ n 

2 
s + f v (n 

2 
m 

− n 

2 
s ) 

]
. (3) 

inally, in both the EV and EEP approximations, the scattering 

ross-sections, denoted by C EV 
sca and C E E P sca , and the asymmetry fac- 

ors, g EV and g E E P , of their respective equivalent spheres can be 

redicted using the Lorenz–Mie theory [24] . 

.2. Equivalent sphere approximations 

Previous studies have investigated the applicability of the 

V [20,46] and EEP [28–30,46] approximations for predicting 
4 
he radiation characteristics of aggregates [28,46] and suspen- 

ions [29,30] with monodisperse non-absorbing spherical particles. 

rolen and Tien [46] studied the scattering and absorption cross- 

ections of spherical, cubical, and ellipsoidal clusters and linear 

hains of touching, spherical, and monodisperse particles with x s = 

 . 00785 , 0.037, and 0.0393 and aggregate size parameter χs ≤ 5 

efined as χs = 2 πR s /λ where R s is given by Eq. (2) . The number

f particles N s in the aggregates was less than 136 and the parti- 

le volume fraction f v varied from 0.05 to 0.95. The study included 

ggregates with negligible absorption, i.e., m = m s /n m 

= 1 . 5 + i 10 −6 

nd also absorbing aggregates with m = 2 . 0 + i 0 . 95 and 3 . 5 + i 3 .

he authors compared the EV and EEP approximations based on 

he Maxwell–Garnett EMA [ Eq. (3) ] for both n e f f and k e f f with 

redictions from an analytical model based on the solution of 

axwell’s equations for spheres in the Rayleigh scattering regime 

47,48] . The study showed that predictions by the EV approxi- 

ation were in good agreement with results from the analyti- 

al model for chains with a small number of particles ( N s < 30 )

nd for all clusters considered. By contrast, the EEP model was in 

ood agreement with the analytical model for all aggregates inves- 

igated. 

Lagarrigue et al. [28] investigated the scattering cross-section of 

on-absorbing and optically hard aggregates with particle size pa- 

ameter x s ≤ 0 . 63 , number of particles N s > 13 , and aggregate size

arameter χs ≤ 3 . 14 . The relative refractive index of the monodis- 

erse particles was m = n s /n m 

= 1 . 77 or 1.94. The aggregates were

enerated in spherical and cubic domains as well as cylindrical 

r ellipsoidal domains featuring aspect ratios varying from 1/20 

o 20. The aggregates’ particle volume fraction f v varied from 

.0605 to 0.605. The generalized multiparticle Mie theory algo- 

ithm was used to compute the aggregates scattering cross-section. 

he authors showed that the applicability of the EEP approxima- 

ion, based also on the Maxwell–Garnett EMA, depended on the 

spect ratio of the aggregate. As the aspect ratio deviated from 

nity, the EEP approximation differed from the numerical predic- 

ions. The study also concluded that the effect of the particle size 

n the validity of the EEP approximation was negligible. An empir- 

cal expression for the scattering cross-section of aggregates was 

erived by fitting the scattering cross-section of 1792 aggregates 

ith various shapes, sizes, particle size parameters, relative refrac- 

ive index, and aspect ratios. 

Mishchenko et al. [29] used the T -matrix method to compute 

he elements of the normalized scattering matrix of randomly dis- 

ributed non-touching and non-absorbing spherical particles and 

ompared them to the EEP approximation based on the Maxwell–

arnett EMA. The non-touching particles featured x s = 0 . 3 , 0.5, or 

 and were embedded in a spherical domain with size parame- 

er χs = 10 . The particle refractive index was n s = 1 . 55 and that of

he surrounding medium was n m 

= 1 . 33 . The aggregates’ particle 

olume fraction f v was 0.216 or 0.2 and the number of particles 

 s varied from 216 to 80 0 0. The authors showed that suspensions 

ith particles such that x s = 0 . 3 and 0.5 were within the range of

alidity of the EEP approximation while those consisting of par- 

icles with x s = 1 fell outside. In addition, by comparing results 

or suspensions with the same particle size parameter x s = 0 . 3 and

ifferent number of particles ( N s = 500 and 8000) the authors con- 

luded that N s should be sufficiently large to ensure the validity 

f the EEP approximation. However, the authors wrote that “the 

hreshold value of x s and N s can be expected to depend on the re- 

ractive indices of the host and the inclusions as well as on the size 

arameter of the host and should be further analyzed and quantified ”. 

Mishchenko et al. [30] extended the analysis of Ref. [29] for 

on-touching particle suspensions to a wider range of particle size 

arameter x s and suspension size parameter χs representative of 

ir bubbles ( n s = 1 ) and hematite inclusions ( m s = 3 . 102 + i 0 . 0925 )

n dust material ( n m 

= 1 . 6 ). For air bubbles, x s varied from 0.15 to



T. Galy and L. Pilon Journal of Quantitative Spectroscopy & Radiative Transfer 278 (2022) 108018 

1  

c  

1

p  

8  

T  

h

s

s

s

p

k

s

6

e

f

w

t

e

s

m

t

t

d

t

2  

o

a

s

≤
t

w

2  

b

t

a

d

l

i

w

l

i

t

d

3

3

g

s

d  

s

d

r

d

t

l

(

c  

a

s

4

Fig. 4. Comparison of the range of aggregate size parameter χs and (a) particle size 

parameter x s or (b) optical phase shift 2 x s | m − 1 | in computer-generated aggregates 

investigated in Refs. [28–30,46] and in the present study. 
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.09, χs = 4 or 8, and N s ranged from 1 to 3,035. For hematite in-

lusions, x s varied from 0.1 to 0.5, χs = 4 or 8, and N s ranged from

0 to 10,240. Results were also presented for non-absorbing sus- 

ensions of particles with x s = 0 . 3 or 0.6, χs = 10 , N s = 10 0 0 and

0 0 0, refractive index n s varying from 1.4 to 2, and n m 

= 1 . 32 .

he particle volume fraction was f v = 0 . 02 for air bubbles and

ematite particles and f v = 0 . 216 for other non-absorbing suspen- 

ions. The elements of the scattering matrix, the scattering and ab- 

orption cross-sections, and the asymmetry factor of the suspen- 

ions were computed using the T -matrix method and the EEP ap- 

roximation based on the Maxwell–Garnett EMA for both n e f f and 

 e f f . For all cases considered, predictions of the scattering cross- 

ection and asymmetry factor by the EEP approximation fell within 

.5 % of those by the T -matrix method. However, predictions of the 

lements of the scattering matrix by the EEP approximation dif- 

ered significantly from the T -matrix calculations for aggregates 

ith x s ≥ 0.5. In addition, the difference between predictions of 

he two methods increased with increasing suspension size param- 

ter and refractive index mismatch between the particles and their 

urrounding. The authors concluded that a larger refractive index 

ismatch restricted the range of validity of the EEP approximation 

o aggregates with smaller particles. This observation suggests that 

he validity of the EEP approximation depends on the phase shift 

efined as 2 x s | m − 1 | [22] . 

Finally, Fig. 4 illustrates the ranges of particle size parame- 

er x s , aggregate or suspension size parameter χs , and phase shift 

 x s | m − 1 | used in the different studies investigating the validity

f the EV and EEP approximations for systems consisting of non- 

bsorbing spherical particles [22,28–30] . It indicates that previous 

tudies were limited to relatively small particle size parameter x s 
1.09 and aggregate size parameter χs ≤ 10. Although the refrac- 

ive index n s of the particle was sometimes large [28] , the particles 

ere relatively small and, therefore, the range of the phase shift 

 x s | m − 1 | explored was limited from ∼0 to 1.2. Moreover, to the

est of our knowledge, none of the previous studies investigated 

he effect of particle overlapping on the applicability of the EEP 

pproximation. 

The present study aims to evaluate systematically the effects of 

ependent scattering and particle overlapping and to assess the va- 

idity of the EV and EEP approximations in predicting the scatter- 

ng cross-section C a sca and the asymmetry factor g a of aggregates 

ith point-contact and overlapping particles over a significantly 

arger range of particle and aggregate size parameters than those 

nvestigated in previous studies [22,28–30] . In particular, it is in- 

eresting to determine if these approximations are also valid when 

ependent scattering prevails. 

. Analysis 

.1. Computer-generated aggregates 

The Diffusion-Limited Cluster-Cluster Aggregation (DLCCA) al- 

orithm [49] was used to generate aggregates consisting of N s 

pherical monodisperse particles of radius r s positioned in a three- 

imensional cubic domains of side L , as described in Ref. [49] . The

pherical simulation domain of radius R s were cut out of the cubic 

omains such that every particles falling outside the sphere were 

emoved. For cubic simulation domains, the equivalent sphere ra- 

ius R s was defined as the radius of a sphere having the same 

otal volume as the cubic aggregate, i.e., V t = L 3 and was calcu- 

ated from Eq. (2) . Two types of structures were generated namely 

1) aggregates with point-contact particles where spherical parti- 

les may touch each other at a point but do not overlap and (2)

ggregates with surface-contact particles consisting of overlapping 

pherical particles [49] . The particle radius r s ranged from 2.5 to 

00 nm, R s varied from 6 nm to 1860 nm, and the wavelength λ
5 
as set to 500 nm corresponding to x s varying from 0.031 to 5.03 

nd χs varying from 0.08 to 23. The number of particles N s ranged 

rom 5 to 30,0 0 0 and the refractive index n s of the particles was

et to n s = 1 . 5 while the surrounding medium was vacuum, i.e., 

 m 

= 1 resulting in m = 1 . 5 . Finally, the particle volume fraction f v 
f all computer-generated structures was 33 ± 2 % . This choice of f v 
as arbitrary. However, if the EV or EEP approximations are found 

o be valid for f v = 33 ± 2 %, it is reasonable to expect them to be

alid for other values of f v whose effect is accounted for through 

he equivalent sphere radius r e f f [ Eq. (1) ] or via the effective re- 

raction index n e f f [ Eq. (3) ]. Finally, the overlapping spheres were 

uch that their interparticle distance d - defined as the distance 

etween the center of two adjacent particle’s was smaller than the 

iameter 2 r s of a sphere. Then, the overlapping distance can be 

xpressed as l 0 = d − 2 r s , and the mean dimensionless overlapping 

istance as l̄ ∗ = l 0 / 2 r s . For the porosity 1 − f v ≈ 67% considered in

he present manuscript, the mean dimensionless overlapping dis- 

ance was l̄ ∗ ≈ 0 . 24 [49] . 
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.2. Scattering characteristics 

The scattering efficiency factor Q 

a 
sca and the asymmetry factor 

 

a of the computer-generated aggregates with point-contact parti- 

les generated numerically was predicted by the multiple sphere 

 -matrix (MSTM) code developed by Mackowski [25] and based 

n the superposition T -matrix method [26] . The input parameters 

f the MSTM code included (i) the position of the constitutive 

onodisperse particles, (ii) their size parameter x s = 2 π r s / λ, and 

iii) their relative refractive index m . 

To consider the complex geometry of aggregates with surface- 

ontact particles, the discrete-dipole approximation (DDA) algo- 

ithm developed by Draine and Flatau [27] was employed. First, 

 d dipoles of size �d were generated inside the N s particles of 

he numerically-generated aggregates such that 
∑ N d 

i =1 
(�d) 3 = V s . 

he dipoles were such that their size �d was small compared 

o the particle radius r s and wavelength λ to achieve numeri- 

ally converged results independent of the choice of discretiza- 

ion [50] . Specifically, for all simulations, �d/r s ≤ 0 . 2 , 2 π r e f f /λ <

 , | m − 1 | ≤ 0 . 5 , and 2 π r eff/λ < 15 . 51 / | m | ( N d / 10 6 ) 
1 / 3 

. These con-

ergence criteria satisfied or exceeded the criteria given by Draine 

nd Flatau [50] . Finally, note that the DDA simulation code and 

mplementation was successfully validated with the cases of sin- 

le spheres with size parameters and relative refractive index en- 

ountered in the present study. The input parameters of the DDA 

ethod predicting Q 

a 
sca and g a included (i) the position of the N d 

ipoles, (ii) the wavelength λ, (iii) the relative refractive index m . 

The integral radiative characteristics can be predicted either for 

ggregates with a given orientation or for randomly oriented ag- 

regates. However, fixed-orientation and orientation-averaged scat- 

ering efficiency factors were found to differ by less than 1 % and 

he asymmetry factors by less than 4 % for both point-contact and 

urface-contact aggregates with x s ≤ 0 . 13 (see Table S1 in Sup- 

orting Information). This observation was likely due to the fact 

hat small particles with x s ≤ 0 . 13 scatter radiation isotropically re- 

ulting in very similar scattering characteristics for different ag- 

regates’ orientations. Therefore, simulations for aggregates with 

oint-contact particles such that x s ≤ 0 . 13 and large aggregate size 

arameter χs were performed for a fixed orientation to reduce the 

omputational time. On the other hand, for aggregates with par- 

icles such that x s > 0 . 13 , at least 55 aggregate orientations were

imulated and the orientation-averaged scattering cross-section 

nd asymmetry factor were reported. 

The scattering cross-section C a sca (in nm 

2 ) of aggregates consist- 

ng of N s monodisperse point-contact or surface-contact particles 

an be calculated from the radius r e f f and the computed efficiency 

actor Q 

a 
sca according to [25,50] 

 

a 
sca = π r 2 e f f Q 

a 
sca . (4) 

here r e f f is the effective radius of the aggregate expressed as 

 e f f = ( 3 V s / 4 π) 1 / 3 [ Eq. (1) ]. 

Overall, it took between a couple of minutes and 18 h to per- 

orm the different simulations on UCLA Hoffman2 computing clus- 

er. The computational time increased with increasing particle and 

ggregate size parameters as well as number of particles and rela- 

ive refractive index. For example, it took 18.03 h to run the simu- 

ation for an aggregate with 30,0 0 0 monomers such that x s = 2 . 5 ,

s = 23 , and m s = 1 . 5 using on 8 GB of RAM/core and 16 CPUs. 

. Results and discussion 

.1. Dependent effects in aggregates 

Fig. 5 presents the absorption and scattering cross-section ra- 

ios C a 
abs 

/ N s C 
M 

abs 
and C a sca / N s C 

M 

sca , and asymmetry factor ratio g a / g M 
6 
s functions of χs for fractal aggregates with point-contact parti- 

les with size parameter x s = 0 . 031 and 0.63, particle volume frac- 

ion f v = 33 ± 2 %, and relative refractive index m = n + ik such that

 = 1 . 5 and 0 ≤ k ≤ 0 . 5 . Here, C M 

abs 
, C M 

sca , and g M are the absorption

ross-section, scattering cross-section, and asymmetry factor of a 

ingle particle of size parameter x s and relative refractive index m 

alculated using Lorenz–Mie theory. Ratios C a 
abs 

/ N s C 
M 

abs 
, C a sca / N s C 

M 

sca ,

nd g a / g M equal to unity would indicate that the radiation charac- 

eristics of the aggregates represent the cumulative contributions 

f individual constitutive particles, i.e., the particles absorbed and 

cattered independently of each other. First, Figs. 5 (a)–5(d) estab- 

ish that dependent effects prevailed in the absorption and scat- 

ering of the aggregates considered, as all ratios differed from 1. 

owever, it is interesting to note that the ratio C a sca / N s C 
M 

sca was

uch larger and increased significantly more than C a 
abs 

/ N s C 
M 

abs 
with 

ncreasing aggregate size parameter χs . These observations were 

n agreement with results reported in previous studies [35,51] . 

igs. 5 (c) and 5(d) also suggest that the increase in the aggregate 

cattering cross-section ratio C a sca / N s C 
M 

sca was larger for aggregates 

ith small particle size parameter x s . These results indicate that 

or applications with small absorbing nanoparticles such as those 

ound in concentrated nanofluids for solar energy applications [52–

5] , the nanoparticles that are likely to aggregate can be assumed 

o absorb independently (i.e., C a 
abs 

≈ N s C 
M 

abs 
), but dependent scatter- 

ng prevails and C a sca > N s C 
M 

sca . 

Fig. 5 (b) also shows that the ratio C a 
abs 

/ N s C 
M 

abs 
decreased with in-

reasing relative absorption index k for any given aggregate with 

ize parameter χs > 0.6. For large values of k , C a 
abs 

was even smaller

han N s C 
M 

abs 
. The same findings were presented in Ref. [51] for 

ggregates consisting of monodisperse particles with x s = 1 , n = 

 . 0165 , 0 ≤ k ≤ 0 . 5 , and N s < 10 0 0 . This observation was attributed

o the so-called “shielding” or “shading” effect of the aggregate’s 

nner particles by those located at the outer surface of the aggre- 

ate and responsible for the increased attenuation of the electro- 

agnetic wave before it reached the inner particles. In addition, 

igs. 5 (c) and 5(d) indicate that the scattering cross-section ratio 

 

a 
sca / N s C 

M 

sca was not affected by absorption for χs ≤ 0 . 7 . However,

or χs > 1 , the ratio C a sca / N s C 
M 

sca decreased with increasing relative

bsorption index k for any given value of χs [ Fig. 5 (d)]. 

Finally, Figs. 5 (e) and 5(f) show that dependent scattering ef- 

ects in aggregates with large size parameter χs and small parti- 

le size parameter x s were significant and resulted in g a > g M . In

ddition, the effect of the particle relative absorption index k on 

he asymmetry factor ratio g a / g M was negligible despite its strong 

ffect on C a sca / N s C 
M 

sca for x s = 0 . 63 . Note that the same conclusions

ere reached for all three ratios C a 
abs 

/ N s C 
M 

abs 
, C a sca / N s C 

M 

sca , and g a / g M 

or particle size x s = 2 . 51 , as presented in Figure S1 in Supporting

nformation. 

Overall, Fig. 5 shows that dependent effects were significantly 

ore prominent in the scattering cross-section and asymmetry 

actor of the aggregates than in their absorption cross-section. 

hus, the remainder of this paper focuses on the scattering charac- 

eristics C a sca and g a of non-absorbing particle aggregates for a wide 

ange of particle x s and aggregate χs size parameters. 

.2. Equivalent models for non-absorbing fractal aggregates 

.2.1. Scattering cross-section C a sca 

Fig. 6 (a) plots the scattering cross-section C a sca predicted by the 

 -matrix method [25,26] as a function of the aggregate size pa- 

ameter χs for fractal aggregates with particle volume fraction 

f v = 33 ± 2 % generated in cubic or spherical domains with point- 

ontact particles of size parameter x s ranging from 0.031 to 5.03 

nd relative refractive index m = 1 . 5 . Fig. 6 (a) also displays the

cattering cross-section of the same aggregates predicted by the EV 
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Fig. 5. (a)-(b) Absorption cross-section ratio C a 
abs 

/ N s C 
M 
abs 

, (c)-(d) scattering cross-section ratio C a sca / N s C 
M 
sca , and (e)-(f) asymmetry factor ratio g a / N s g 

M as functions of the aggregate 

size parameter χs for aggregates of touching monodisperse particles with size parameter (a, c, e) x s = 0 . 031 and (b, d, f) x s = 0 . 63 , particle volume fraction f v = 33 ± 2 %, and 

relative refractive index m between 1.5 and 1.5+ i 0.5. 

a

c

s

e
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t

s
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t
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f

r

s

w

c

|  

H  

v

c

nd EEP approximations. First, Fig. 6 (a) indicates that the scattering 

ross-section of aggregates C a sca increased with increasing aggregate 

ize parameter χs for all particle size parameters x s . Fig. 6 (a) also 

stablishes that both the EV and EEP approximations were in good 

greement with the T -matrix method predictions of C a sca for rela- 

ively small aggregates with χs ≤ 1. These observations were con- 

istent with those of Ref. [46] for small aggregates with negligi- 

le absorption, i.e., m = m s /n m 

= 1 . 5 + i 10 −6 . However, for χs > 1,

he scattering cross-section C a sca of the aggregates differed signif- 

cantly from that predicted by the EV approximation and was in 
7 
etter agreement with predictions by the EEP approximation. In 

act, Figs. S2(a) and S3(a) in Supporting Information present the 

elative errors in the scattering cross-section between numerical 

imulations and EEP or EV approximation predictions, respectively, 

ith respect to the aggregate size parameter χs for different parti- 

le size parameters x s . First, Fig. S2(a) shows that the relative error 

 C a sca − C E E P sca | / C a sca was less than 15% when x s ≤ 1 and 0 ≤ χs ≤ 23.

owever, for x s > 1, | C a sca − C E E P sca | / C a sca varied between 0 and 80 % for

arious x s and χs , but no clear and systematic effect of x s or χs 

ould be identified. Moreover, Fig. S3(a) indicates that the relative 
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Fig. 6. (a) Scattering cross-section C a sca and (b) asymmetry factor g a of point- 

contact particle aggregates as functions of the aggregate size parameter χs for non- 

absorbing particles with size parameter x s ranging from 0.031 to 5.03, particle vol- 

ume fraction f v = 33 ± 2 %, and relative refractive index m = 1 . 5 . 
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Fig. 7. Scattering coefficient σs [ Eq. (5) ] of point-contact particle aggregates as a 

function of the aggregate size parameter χs for particle size parameter x s ranging 

from 0.031 to 5.03, particle volume fraction f v = 33 ± 2 %, and relative refractive in- 

dex m = 1 . 5 . 
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rror | C a sca − C EV 
sca | / C a sca overall exceeded 30 % in all cases and could

each values as high as 70 % even for x s ≤ 1. 

.2.2. Asymmetry factor g a 

Fig. 6 (b) presents the asymmetry factor g a as a function of 

he aggregate size parameter χs for non-absorbing aggregates with 

oint-contact particles with x s varying between 0.031 and 5.03, 

 = 1 . 5 , and particle volume fraction f v = 33 ± 2 %. It also plots

redictions obtained by the EEP and EV approximations. Fig. 6 (b) 

ndicates that the aggregates’ asymmetry factor g a depended not 

nly on the aggregate size χs but also on the particle size x s . For

iven values of χs and f v , aggregates with smaller particles had 

arger asymmetry factor g a indicating that they scattered more in 

he forward direction. Moreover, Fig. 6 (b) establishes that the pre- 

ictions of the EEP approximation for the asymmetry factor of ag- 

regates were also in good agreement with those of the T -matrix 

ethod for aggregates with small particles such that x s < 1. How- 

ver, the EV approximation failed to predict g a accurately for all 

ases considered. In fact, Figs. S2(b) and S3(b) present the rela- 

ive error in the asymmetry factor between numerical simulations 

nd EEP or EV approximation predictions, respectively, as a func- 

ion of the aggregate size parameter χs for different values of x s . 

ig. S2(b) indicates that the ratio | g a − g E E P | / g a increased from 0 to
8 
0 % with increasing particle size parameter x s and aggregate size 

arameter χs . Moreover, Fig. S2(b) indicates that the relative er- 

or | g a − g E E P | / g a was less than 15 % for aggregates with x s ≤ 1 and

ll size parameter χs considered. However, Fig. S3(b) indicates that 

 g a − g EV | / g a was excessively large even for aggregates with small 

articles x s < 1. 

Overall, the EEP approximation was found to be valid for all ag- 

regates with particle size parameter x s ≤ 1 when the phase shift 

as small, i.e., 2 x s | m − 1 | ≤ 1. In other words, all aggregates with

article size parameter x s ≤ 1 could be approximated as homo- 

eneous spheres with the same radius and effective refractive in- 

ex n e f f for the purpose of predicting their cross-section C a sca and 

symmetry factor g a . 

.2.3. Scattering coefficient σs 

The scattering coefficient σs of the heterogeneous material con- 

ained in the aggregate can be defined as [20] 

s = C a sca /V t . (5) 

n case of independent scattering, C a sca = N s C 
M 

sca and the scattering 

oefficient is given by the widely used expression [20] 

s = 

N s 

V t 
C M 

sca (6) 

here N s / V t represents the number of particles per unit volume of 

ggregate. Thus, regardless of the aggregate dimensions, σs should 

e constant, provided independent scattering prevails. 

Fig. 7 presents the scattering coefficient σs [ Eq. (6 )] of spher- 

cal and cubic aggregates as a function of the size parameter χs 

or particle volume fraction f v = 33 ± 2 % (porosity = 67 ±2% ) and

oint-contact particles featuring x s between 0.031 and 5.03 and 

 = 1 . 5 . It also plots predictions by the EEP approximation. First,

ig. 7 indicates that the scattering coefficient σs increased sharply 

ith increasing size parameter χs to reach a maximum at χs = 10 , 

orresponding to aggregate diameter 2 R s ≈ 3 λ. However, as χs in- 

reased above 10, σs decreased sharply in good agreement with 

redictions by the EEP approximation which featured oscillations 

or χs ≥ 25. Moreover, Fig. 7 shows that numerical predictions 

f σs were independent of x s and of the aggregate shape (cubic 

r spherical) when χs ≤ 4. For χs > 4, σs depended slightly on 

he particle size x s and on the aggregate shape. Note that the pre- 

ictions of σs by the T -matrix and by the EEP approximation de- 
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Fig. 8. (a) Scattering cross-section ratio C a sca /N s C 
M 
sca and (b) asymmetry factor ratio 

g a / g M of point-contact aggregates of non-absorbing and monodisperse spherical par- 

ticles as functions of the aggregate size parameter χs for particle size parameter x s 
ranging from 0.031 to 5.03, particle volume fraction f v = 33 ± 2 %, and relative re- 

fractive index m = 1 . 5 . 
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Fig. 9. (a) Scattering cross-section C a sca and (b) asymmetry factor g a of point-contact 

and surface-contact aggregates of non-absorbing and monodisperse spherical parti- 

cles as functions of the aggregate size parameter χs for particle size parameter x s 
between 0.063 and 1.25, particle volume fraction f v = 33 ± 2 %, and m = 1 . 5 . Also 

shown are predictions by the EEP and EV approximations. 
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reased as χs increased and did not converged to a constant value 

or large values of χs (see Figure S4 in Supporting Information). 

his indicates that predicting the scattering coefficient of meso- 

orous monoliths, films, or bulk materials from those of aggre- 

ates corresponding to a sufficiently large representative elemen- 

ary volume (REV), as performed in the literature [55,56] , is not 

ppropriate. Instead, the scattering and absorption coefficients of 

onoliths depend on the specific nanoscale architecture (e.g., par- 

icle size, porosity, fractal dimension). Thus, they can be retrieved 

xperimentally from the measured transmittance and reflectance 

y solving the inverse problem [16] . Numerically, determining the 

cattering and absorption coefficients of monoliths would require 

olving Maxwell’s equations through the entire structure as per- 

ormed by Mackowski and Mishchenko [57] for a cylindrical vol- 

me consisting of nonoverlapping spheres and with a radius rang- 

ng from 30 r s and 40 r s , a thickness L ≤ 10 r s , and f v = 50 % . 

.2.4. Dependent scattering effects 

Fig. 8 plots the (a) scattering cross-section ratio C a sca / N s C 
M 

sca and 

b) asymmetry factor ratio g a / g M as functions of the aggregate size 
9 
arameter χs for the same range of parameters considered previ- 

usly including 0.031 ≤ x s ≤ 5.03 and m = 1 . 5 . First, Fig. 8 indi-

ates that C a sca deviated from N s C 
M 

sca more strongly for small values 

f x s such that x s < 0 . 13 . Indeed, smaller particles scatter radiation

sotropically resulting in increased multiple scattering within the 

ggregates. This observation was consistent with the conclusions 

f our previous study [23] for aggregates and suspensions with 2 

N s ≤ 8. Moreover, Fig. 8 indicates that dependent scattering ef- 

ects resulted in C a sca / N s C 
M 

sca > 1 and g a / g M > 1 for 2 x s | m − 1 | < 2.5

nd in C a sca / N s C 
M 

sca < 1 and g a / g M ∼ 1 for 2 x s | m − 1 | ≥ 2.5. Interest-

ngly, Fig. 8 (a) suggests that C a sca / N s C 
M 

sca reached its maximum when

s 	 10 and then decreased with decreasing χs , as observed with 

s ( Fig. 7 ). On the other hand, the asymmetry factor ratio g a / g M in- 

reased with increasing χs and then reached a plateau for χs > 2. 

inally, Fig. 8 establishes that the EEP approximation predicted the 

cattering cross-section and asymmetry factor with a relative error 

f 15 % for aggregates with 2 x s | m − 1 | ≤ 1 even when dependent

cattering prevailed. 

Overall, the applicability of the EEP approximation indicates 

hat there are two asymptotic regimes for systems consisting of 

mall particles such that 2 x s | m − 1 | ≤ 1. When the particle sus-
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ension is dilute and the particles are far apart from one another, 

ndependent scattering prevails and the scattering coefficient and 

symmetry factor of the system are determined by the sum of 

he contribution of each individual particles [20] . On the other 

and, when the particles are touching and forming an aggregate, 

he scattering characteristics are determined by the size of the 

ggregate and its effective refractive index such that the EEP ap- 

roximation is valid while dependent scattering prevails. Further- 

ore, note that the EEP approximation is still a “phenomenolog- 

cal model” [29,30,58] that has not been derived from Maxwell’s 

quations [30,58] . However, the validity of the EEP approximation 

hen dependent scattering prevails suggests its “existence must fol- 

ow from the fundamental laws of classical electromagnetics under 

uite specific assumptions ” [30] . 

.3. Effect of particle overlapping 

Fig. 9 plots (a) the scattering cross-section C a sca and (b) asymme- 

ry factor g a of aggregates as functions of χs for cubic aggregates 

ith f v = 33 ± 2 % and with either point-contact or surface-contact 

i.e., overlapping) particles with x s ranging from 0.063 and 1.25. It 

lso shows predictions by the EEP and EV approximations. First, 

ig. 9 indicates that overlapping between particles did not strongly 

ffect the scattering characteristics of the aggregates. Indeed, the 

cattering cross-section C a sca and asymmetry factor g a of aggregates 

ith surface-contact particles fell respectively within 15 % and 10 % 

f those of the equivalent aggregates with point-contact particles 

ith the same aggregate size χs , particle size parameter x s , and 

article volume fraction f v (see Table S2 in Supporting Informa- 

ion). Similar results were obtained for different values of parti- 

le volume fraction f v associated with different particle overlap- 

ing distance l̄ ∗. Figure S5 of Supplementary Materials compares 

he scattering cross-section of aggregates as a function of parti- 

le volume fraction f v or porosity φ for either point-contact or 

verlapping particles. Simulations were performed using cubic do- 

ains with L = 10 0 , 20 0, and 40 0 nm for particle radius r s = 2 . 5 ,

, and 10 nm, respectively. The wavelength of light was taken as 

= 500 nm. Predictions by the Rayleigh-Debye-Gans approxima- 

ion were also plotted to guide the eyes. Predictions for surface- 

ontact structures were nearly identical to those for point-contact 

tructures for any given particle volume fraction. In other words, 

he effect of particle radius and volume fraction dominated over 

hat of particle overlapping. These observations suggest that the 

cattering cross-section and asymmetry factor of non-absorbing 

ggregates were mainly dependent on (i) the aggregate size pa- 

ameter χs , the particles (ii) size parameter x s , volume fraction f v , 

nd (iii) the relative refractive index m of the particles. Finally, here 

lso the EEP approximation was valid for aggregates with overlap- 

ing particles when 2 x s | m − 1 | ≤ 1. 

. Conclusions 

This study investigated the scattering cross-section and asym- 

etry factor of aggregates consisting of touching or overlapping 

on-absorbing spherical particles for a wide range of particle size 

arameter 0.03 ≤ x s ≤ 5 and aggregate size parameter 0 ≤ χs ≤
3. The aggregates integral radiation characteristics of fractal ag- 

regates with touching or overlapping particles were computed us- 

ng the T -matrix method or the discrete-dipole approximation, re- 

pectively. The validity of the EV and EEP approximations treating 

he heterogeneous aggregates as homogeneous spheres with equiv- 

lent radius or refractive index were also evaluated. The results es- 

ablished that dependent effects were more significant in the scat- 

ering cross-section and asymmetry factor than in the absorption 

ross-sections and increased with decreasing particle size parame- 

er. Furthermore, the results indicate that the scattering coefficient 
10 
f aggregates of any size cannot be used to model light transfer 

hrough silica nanoporous monoliths or aerogels. This study also 

howed that particle overlapping had no significant effect on the 

cattering cross-section and asymmetry factor of non-absorbing 

ggregates for the range of size parameters considered. Finally, the 

tudy demonstrated that the EEP approximation could predict the 

cattering cross-section and asymmetry factor of non-absorbing 

ggregates consisting of small particles such that the phase shift 

 x s | m − 1 | ≤ 1. Interestingly, the range of validity of the EEP ap-

roximation coincided with the dependent scattering regime. 
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